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YACTD 1. JUHENHASA AJITEBPA

1.1. Marpuusl 4 onpeseuTe T H
1.1.1. OcHOBHbBIC MOHATHSA

Martpuueil pazMepa MxN Ha3bIBae€TCA NPAMOYTOJIbHAS TaOIMIA YHCEI, COAEepKa-
mass MCTPOK U N CTOJOLOB

&; 8 0 Yy
a a cee a

S

aml am2 amn

Kax/pIii 37IeMeHT MaTpHIbl & WMEET JBa MHICKca: | — HOMep CTpoku u K — Ho-
Mep crosidua. Hanpumep, B maTpuiie

5 -7 4 3
A= 2 0 8 1
-3 -4 9 6

pasmepa 3x4, a;; =5, a,3 =8, azy =6.
YacTto ucnonb3yercs Kparkas 3anuch MaTpuubl: A= (aj )y . MaTpuna HaseiBaeTCs

KBaJIPaTHOM N -ro MOpsiKa, €CJIM OHA COCTOMUT U3 N CTPOK U N cToJIOIOB. MaTtpuiia pas-
Mepa 1xNn Ha3bpIBaeTCs MAaTpPUUEN-CTPOKON, a MmaTpula pasmMepa Mx1 marTpuiei-
CTOJIOLIOM.

Hyuaeoi matpuiieit O 3a1aHHOTO pa3Mepa Ha3bIBACTCS MaTPUIIA, BCE DJIEMEHTHI KO-
TOpoM paBHsI 0.

EnuHu4yHOM Ha3bIBACTCS KBAJAPATHAA MATPHUILA, DJIEMEHTHI IJIaBHOM JUAroHalyd KO-
TOPOH paBHBI 1, a BCE OCTaNIbHBIC 2JIEMEHTHI paBHBI (:

E:

MoHO TOBOPUTH O €AMHUYHBIX MAaTpUIlaX J0O0ro MopsIKa.

o T o
TpancnonupoBaHHoi /1t MaTpuIbl A Ha3zbiBaeTcs MaTpuiia A, CTPOKH KOTOPOI
SIBJITFOTCSI CTOJIOIAaMU MaTpHIlsl A, a cTosOIel — ctpokamu A. Hampumep, ecnu

5 -9 4 > 3
A=(3 , J,To Al=|-9 2
4 -1

Marpuubl A= (j )y B B=(Dy)nn HaspiBaloTCA paBHBIMM, eciu ay = by,
i=1....m, k=1,...,n.
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1.1.2. JIuHelHbIE ONlepPALMH HAJ MATPULIIAMH

CymMmoii  Mmatpul A=@j)mn 1 B=(y)yn, HaseBaerca MaTpuua
A+B = (@i +bix)mn-

Jlpyrumu clioBaMH, JUISL CIIOKEHHSI MAaTPHIl HAJO CIOKHUTH JIEMEHTBHl MaTpHII, CTO-
SIIME Ha OJHUX U TeX ke MecTaX. CKIIa bpIBalOTCS MaTPHUIIBI TOJIBKO OMHAKOBOTO pa3Me-
pa.

Ipoussenennem matpunsl A= (8 )y, Ha YUCIO A Ha3bIBaeTCAd MaTpHIa
AA = (iaik)m,n :

Jpyrumu ciaoBamu, JJIi YMHOXKEHHSI MATPHIbl Ha YUCIO HAJ0 KaXKIbI 3JIEMEHT
MaTpHIbl YMHOKHUTh Ha 3TO 4ncio. JII00yr0 MaTpHIly MOKHO YMHOXKHTh Ha JII0O00€ YUCIIO.
JInst moOBbIX MaTpHI] OAMHAKOBOTO pa3Mepa U JIFOObIX uynucend A U 4 BBIIOJHSAIOTCS

CBOMCTBA:

1) A+B=B+A; 4) A(uA) = (Au)A;
2) A+0=A; 5) A(A+B)=4A+ 1B;
3) A+ B+C)=(A+B)+C; 6) (1 +u)A=AA+ LA.

~1 4

2 1
Ilpumep 1. [laHbel MaTpUIBI Az( J 151 B:( c 2]. Hantn wmarTpuny

3 0
C=2A-3B+A".

Pemenue.
T 4 2 -3 12 2 3 9 -7
C=2A-3B+A = — + = .1
6 0 15 6 1 0 -8 -6

1.1.3. YMHOkeHHEe MATPHUIL

Martpuiisl yMHOKAIOTCS O MTPABUITY «CTPOKa Ha cTosdeny. Pacmmdpyem, uto nme-
eTcsl B BUIY.
Ipoussenennem marpunpsl A= (aj )y , Ha matpuity B = (b ), , Ha3eBaeTcs mar-

p
puria C pasmepa MxN ¢ aneMeHTaMu Cj, = Zlaij by, 1=12,...,m, k=12,...,n.
J:
JIpyrumu cj0BaMu, JUIs TIOJYYCHHS JIEMEHTA, CTOSIIErO B | -TOH CTpoKe U K -ToM
CTOJIOLIE MATPHIIBI-IPOM3BEICHUS, CIICNYET BBIYUCIUTh CYMMY MPOM3BEACHHI 3JIEMEHTOB
i -ToH cTpokn mMatpuibl A= (Qjy )y, p Ha K -ThIi cronben matpunst B = (b ) p p-

B camoM omnpeneneHuu MNpPOU3BEACHHUS MaTPHUIl 3aJI0)KEHO, YTO YHUCIO CTOJIOIOB
NEPBOM MATPHUIIBI JOJKHO COBIAJATh C YUCIOM CTPOK BTOPO. ITO yCJIOBHE COIJIacOBa-
HMSI MaTpUIl PU YMHOXKeHUU. Eciii 0HO HapylIeHo, TO MaTPUIIbl IEPEMHOKHUTh HEb3S.

IIpumep 2. HaiiTu npon3BeeHNE MATPUII A:(z 4J 151 B:[S -1 2)
1 3 2 0 6

2-5+4-2 2-(-)+4-0 2-2+4-6j_£18 -2 28j.
11 -1 20

Pemenne. A-B =
(1-5+3-2 1-(-)+3-0 1-2+3-6
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3aMeTuM, 4TO BIIOJIHE BO3MOXKHA cuTyauus, koraa A-B cymectByer, a B- A Her.
NmMenHo Tak nmpoucxoauT B nmpumMepe 2. Kpome Toro, korjaa cymiecTByroT 006a npousBe/ie-
HUS, TO YaIlle BCEro OHU HE PaBHBI, T.c., BooOIIe roBops, A-B=B- A. IlpuBenem eie
pAn cBOMCTB oneparuu yMHoOkeHust matpull. Ecniu A/B u C - kBajpaTHbIe MaTPHUIIbI O1-
HOTO MOPSIJKA, TO CIIPABEIJIMBbI PABCHCTBA:

1) A-(B-C)=(A-B)-C; 3) (A+B)-C=A-C+B-C;
2) A-(B+C)=A-B+A-C; 4) A-E=E-A=A.

1.1.4.0npeneaurenu

[ToHsATHE ONpENENUTENs BBOAUTCS TOJIBKO JJIS KBAaJApPATHBIX MaTpuIl. PaccMoTpum
aqq alzj

Ap; Ay

OnpeneanresaeM 2% mopsiika MaTpuibl A Ha3bIBAETCS YHUCIIO:

KBapaTHYIO MaTpuly 2™ nopsaka: A = (

a A
A(A) = = 81189y — a1y -

dp; Ay

-11 4
IIpumep 3. Beraucaute onpeaeanuTenb MaTpulbl A :( 5 12}.

Pewenne. A(A)=-11-12—4.5=-152.®

d;p A Q3
[Tycte A=|ay,; a,, a,3 |—Mmatpuma 3™ nopsaka.
dzy dgp; dsg
MuHopoM 31eMeHTa @; HasblBaeTcs onpenenutens M; , cocTaBieHHBIN U3 3ie-

MEHTOB, OCTaBIIUXCSI TIOCJIC BRIYEPKUBAHUS U3 MATPUIBI | -TOW CTPOKU U K -TOTO CTONO-
1a.
AsiredOpan4ecKUM A0NOJHEHUEM dJIEMEHTA ;) HAa3bIBACTCS YHCIIO

A = (D) My, .

Onpenenurtenem 3™ nmopsiaka (Matpuisl A) Ha3bIBaeTCs CymMMa TPOW3BENCHUN
AJIEMEHTOB MEPBOI CTPOKU MATPHUIIHI HA X aNreOpandecKue TOTOTHEHHUS.

d;p A Qg3
A(A)=|ay @y agg|=a; Ay +a A +a3A3.

dg; dzp dg3



3 -2 4
IMpumep 3. Berancauts onpenenutens matpunbl A=|5 1 0
2 -1 7

Pemienne. Haxonum MUHOpBI U ainreOpanyecKue AOIMOTHEHHUS 3JIEMEHTOB 1-0il cTpoku
MATPHIIBI:

10
Mllz‘l 7‘:7’ A=) My =+Myy =7
5 0
M, = ) 7‘:35’ A, = (D" My, =My, =-35;
5 1
M=, _|=7" A= (D" Mg =+Myy =7,

Beruucngem HCXOHHBIﬁ OIIPpCACIINTCIIb
A(A) =37+ (=2) - (~35) +4-(=7) =63

B panpHelnieM npu BEIYUCICHUU OMNpeaeauTenei Mbpl OyJieM MoJib30BaThCsl OoJiee
KOPOTKOM 3aIIUChIO:

3 -2 4 1 0 5 0 5 1
AA=|5 1 0|=3. —(-2)- +4. —63.1
1 7 2 7 2 _
2 _1 7

Jlanee MHIYKTUBHO BBOJUTCS MOHSITHE ONpeieNuTeNel 00jiee BBICOKUX TOPSIIKOB.

OmnpenenureneM N-ro NOPsiAKa Ha3bIBACTCA CyMMa MPOU3BEICHHUN YJIEMEHTOB |-0M
CTPOKH Ha MX aire0pandecKkue A0MOTHEHHMS.

CroiicTBa onpeaeauresei

1. Ompenenurens HE MEHSIETCS TIPU TPAHCTIOHUPOBAHUH.

2. Ecnm Bce aneMeHThl KaKoW-Tu00 CTPOKH (MU CTOJNOIa) paBHbI HYJIO, TO OMpe-
nenutens paBeH 0.

3. Ecnm aBe cTpoku (z1Ba cT0s011a) MIOMEHATh MECTaMH, TO ONPENCTUTENh MEHSIET
3HAK.

4. Ecnu 5aeMeHThl KaKOM-11M00 CTpoKU (CT0JIONA) coaepKaT OOIIMIT MHOXKHUTENb,
TO €r0 MO’KHO BBIHECTH 32 3HAK OTPEICITUTEIS.

5. Ecnu B ompeaenuTene ABE CTPOKH (JIBa CTO0IA) OJMHAKOBHI WU MPOMOPIINO-
HaJIbHBI, TO ONPENEIUTEND paBeH 0.

6. CopaBeyiiBO paBEHCTBO

apg +byy A, +byp a3 +bgl (A a, az| by b big

ay 2PY) dpz |=|(@p1 Qdp adp|t(@y dy Adyl.

d31 37 A33 d31 8z dg3| |A31 A3z g3
7. Omnpenenutens HE HM3MEHHUTCS, €CIH K 3JEMEHTaM KaKOW-TMOO €ro CTPOKH
(cronbma) mpubaBUTH AJIEMEHTHI JAPYroMl CTPOKH (CTOJIOIA), YMHOKEHHBIE Ha
OJTHO | TO K€ YHCJIO.
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8. CymMa mpou3BeicHU JIEMEHTOB JII000# CTPOKH (CTOJIOIA) HA CBOM alredpau-
YEeCKHUE JIOTIOJTHEHHSI paBHA CAMOMY OIIPEICITUTEIIIO.

9. Cymma mpou3BeJIcHUN JIEMEHTOB JK00M CTPOKH (CTOJIOIA) OompeneauTeNis Ha
anreOpanyeckue JOMOJHEHHS APYTro CTpokH (cToso1a) pasHa 0.

Teopema 1. Eciu A u B — xesadpamnvie mampuywvl N -2o0 nopsaoxa, mo
A(A-B)=A(A)-A(B).
Cnencteue. A(A-B)=A(B- A).

Ipumep 5. (Obpaszey pewenus 3aoauu 2 u3 KOHMpOIbHOU pabomwi). JlaHvl mampu-

2 10 -1 4 2
yrA=|-1 2 3| u B=| 0 3 -2|. Ilposepumv cnpaseorusocms paseHcmaa
4 0 2 5 1 1
A(A-B)=A(B-A)=A(A)-A(B).
Pemenue.
2 10
2 3 -1 3 -1 2
A(A)=|-1 2 3|=2- -1- +0- =8+14+0=22
0 2 4 2 4 0
4 0 2
-1 4 2
3 -2 0 -2 0 3
AB)=|0 3 -2|=-1 —4. +2- =-5-40-30=-75
1 1 5 1 51
5 1 1
2 1 0\ (-1 4 2 -2 11 2
A-B=|-1 2 3|0 3 -2|=/16 5 -3
4 0 2 5 1 1 6 18 10
-2 11 2
5 -3 16 -3 16 5
A(A-B)={16 5 -3|=-2. -11. +2- =-208-1985+516=
18 10 6 10 6 18
6 18 10
=-1650
-1 4 2 2 10 2 7 16
B-A={ 0 3 -2|(|-1 2 3|=|-11 6 5
5 1 1 4 0 2 13 7 5
2 7 16
6 5 -11 5 -11 6
AB-A)=-11 6 5|=2- —7- +2- =-10+840-2480=
5 13 5 13 7
13 7 5
=-1650

Takum o0pazom,

A(A-B)=A(B- A) = A(A) - A(B)=—1650. m



1.1.5. O6paTHbIe MATPHUIIBI

Marpuna A" HassiBaercs oOpaTHOM K KBajipaTHOU MaTpulie A, eciu
A-AT=AT.A=E.

Marpuiia A Ha3biBaeTcs BbIpokaeHHOM, eciii A(A) =0; B IpOTHBHOM ciiydae

A - HEBBIPOKICHHAA MaTPpUIIA.

Il moeo, umobvt mampuya A umena obpammuyro, HeoOX00UMO U OOCMAMOYHO,
ymobwvl OHa bviia Hegbipodicoennol, m.e. A(A) #0.

B Takom cnyuae,

Ap A o Ay

atlo 1 A Ap o A
A(A) : ’

Aln A2n Ann

T.e. 0OpaTHas MaTpHIa ecTh paszaeneHHas Ha A(A) TpaHCIIOHMpPOBaHHAs MaTpHUIa anred-

PanICCKUX ,Z[OHOJIHGHI/Iﬁ QJICMCHTOB MATpPHIIbI A.

5 1 -1
IMpumep 6. /Jana mampuya A=| 2 -1 3 |. Haiimu AL,
-2 4 7
Penienue.
-1 3 1 - 1 -
Au=+, 7‘:—19 A21:—‘4 S Aa =+ 3]1:2
A =—‘2 3‘:—20 A, =t _Wzs?, Aq _P iy
2T 2 7 272 7 " 3
2 - 5 1 5 1
As=+_, j:a An=-_, 4‘:—22 Aa=+, =7
A(A)=5-(-19) +1-(—20) + (-1) - 6 =—121
~19 -11 2
¥ TOTI, ato L -2 33 17|
~121
6 —-22 -7
[IpoBepka.
5 1 -1)(-19 -11 2
ato— L 2 1 3||-20 33 -17|=

o1
-2 4 7 6 -22 -7



-121 O 0 1 00
=—i 0 -121 0 |=/0 1 O|=E
121 '

0 0 -121 0 01

AHaOTHYHO yOEX1aeMcsl, 4TO A™l. A=E.3uauur, MaTpula A naiinena BepHo. W
CrnpaBeyBa cieyromas Teopema:

Teopema 2. Eciu A u B nesvipoocoennvie keadpammubie mampuysbi 00UHAKOBO20 NOPAO-
Ka, mo

(A-B)t=B1. A,

1.2. Cucrembl JUHEHHBIX aJredpandecknux ypaBHeHHil

PaccMOTpUM CHCTEMY U3 3-X anreOpandeckux yPaBHEHHH ¢ 3-Msl HEU3BECTHBIMM:
Ay X +ag Y + a3z =0
Ap1X +ayY +apz=b, (1.1)
Az X +agY +a33Z=h,

1.2.1. Merox Kpamepa

Teopema 3. Ecriu onpedenumens mampuywl cucmemsl (1.1)
&1 QY3
A=lay ap a
d31 83 dg3
omauuern om uyas (A+#0), mo cucmema umeem eduncmeeHHoe peuieHue, onpeoensemoe
Gopmynamu Kpamepa:

X = ﬁ, y — ﬁ’ 7 = i,
A A A
20e
p A 8y a, b a; a, 3, b
Ay = bz a, Ay Ay =|ax bz Ay, A, =[ay Ay 2
b, a; ag a; by ag dy ap 0

1.2.2. MaTpu4HbIil MeTOJ

O603Haunm yepe3 A marpuny cuctemsl (1.1), T.e. MaTpuily, COCTaBICHHYIO U3 KO-
7 PUITIEHTOB MPHU HEM3BECTHBIX

dp A a3
A=lay ay ax |,

dz; dzgp dzz
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X by
yepe3 X =|Y | — Marpuily-cTonOen W3 HEW3BECTHhIX W uepe3 B =|b, |- marpuiy-
YA b3

cTo10€1] MPaBbIX YACTEH.
[IpyHuMas BO BHUMaHUE NMPABUIIO YMHOKEHUSI MaTPULl, MOXKXHO CUCTEMY JIMHEUHBIX
ypaBHeHu# (1.1) 3anucaTh B BUJE MaTPUYHOTO YPAaBHEHMUS:

A-X =B,
peILIeHNE KOTOPOro UMEET BU
X=A"1.B.

IIpumep 7. (OOpa3zel] BBINOJHEHUS 33a/1auyd | U3 KOHTPOJIbHOU paboThl) Pemuth cucremy
YpaBHEHHU ABYMS CIIOCOOAMU:

3X+y—-2z=1
2X—-2y+z7=11 .
5x+3y—-3z=-2

Pemenue. Mcnonb3zyem meton Kpamepa:

3 1 -2 1 1 -2
A=P2 -2 1|=-12, A,=|11 -2 1|=-24
5 3 -3 -2 3 -3
3 1 -2 3.1 1
Ay=2 11 1|=36, A,=]2 -2 11|=-12
5 -2 -3 5 3 -2

Torna
Ay _—24_, Ay 36 3 ;B _—12

A —12 A —12 A —12

[IpoBepuM NPaBWIBHOCTH MOJYYEHHBIX PEIIEHUM, 11 YETO MOJACTABUM UX B YCIIOBHE:

3-2-3-2-1=1 6-3-2=1 eepno
2-2-2-(-3)+1=11 =4 4+6+1=11 sepno
5.2+3-(-3)-3:1=-2 10 -9 —-3=-2sepro.

Teneps pemmm Ty ke cUCTeMy MaTpUIHBIM MeTo10M. Haiinem oOpaTHyr0 MaTpuiry

3 1 -2
A" k marpuue cucremsr A=[2 —2 1 |. BelumciuM Bee anreGpandyecKue JOIOJIHE-
5 3 -3

HUA:



-2 1 1 -2 1 -2
2 1 -2 3 -2
2 - 1 3 1

OnpenenuTens MaTPUIlBl HaliieH BhIIe ((haKTHIECKH 3TO A) U paBeH -12.

. 3 -3 -3
CnenoBareabHoO, At=—= .11 1 -7/ Torma
16 -4 -8
3 -3 -3 1 - 24 2
1 1 1
X=A -B:—Z- 11 1 -7 11 |=——-| 36 |=|-3

2
16 -4 -8) (-2 -12 1
Otget: X=2, y=-3, z=1.1

3ameuanue 1. Meton Kpamepa u MaTpuuHbI METOJ MPUMEHHUMBI JJII CUCTEM JIFOOOTO
KOHEUHOI'0 MOPSAKA MPU ABYX YCIOBHUSX: KOJIMYECTBO YPABHEHUN COBIAJAET C KOJIHYE-
CTBOM HEU3BECTHBIX U OMPEAECIUTEND CUCTEMBI OTJIMYEH OT HYJIS.

3ameuanne 2. Eciu onpegenuTenb CUCTEMbl PaBEH HYNIO, TO CUCTEMa MO0 HE MUMEeT
pelieHuit BooO1e, MO0 nMeeT OECKOHEYHOE MHOKECTBO PEIICHUH.

1.2.3. Metona I'aycca

Kax 6p110 oT™MEdeHo Bbilie, MeTos, Kpamepa u MaTpu4HbIi METO] MMEIOT OJUH
CYLIECTBEHHBIN HEIOCTATOK: OHU HEMPUMEHUMBI, €CJIU ONPEICIIUTEIL CUCTEMBI PABEH HY-
710. B cBsI3u ¢ 3TUM, pacCMOTpUM €I1ie OJIuH, HanboJiee YHUBEPCATbHBIN METO/ pEeIICHUs
CUCTEM JIMHEHHBIX anredpandeckux ypaBHeHu# — Mmeto ['aycca.

HYCTI) YHUCIIO0 ypaBHeHI/Iﬁ CHCTCMBI COBIIAAAaCT C YN CJIOM HeI/IBBeCTHBIXl.

1% +a1pXp + 00+ 8y Xy =y
a21X1 + 8.22X2 +---+ aZan - b2 (1 2)

Pacwupennoit mampuyeii cucmemuor (1.2) Ha3pIBa€TCA MaTpHUIla CUCTEMBI, JIOIOJ-
HEHHAas CTOJIOIIOM CBOOOIHBIX YJIEHOB:

1 9t0 TpeboBaHue HeoOs3aTENBHO 1 MeTo1a ["aycca
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dp ap 0 | b
Ay ay v Ay by (1.3)
dpp  App Tt Ann bn

PacmnpeHHaﬂ MaTpuna CUCTEMbI HA3bIBACTCS 6€pXH€mp€yZOJZbHOL7, €CJIM B MaTpuIe
CHCTEMBI BCE DJIEMEHTHI HIKE TJIaBHOM AraroHajJiv paBHbI HYJITO:

a; @ o an| b
0 ay - ag| b
R (1.4)
0 0 - al|b

PacmeeHHon MaTpuny CHCTCMbI MbI 6YII€M Ha3bIBATb 0leZOHClJleOI/7, CCJIn MarT-
pHulla CUCTCMBEI ITPCACTABILACT coOoM CAMHUYHYIO!

1 0 - 0| b
0 1 - 0|b w5
0 0 - 1|b

K snmemeHTapHBIM MpeoOpa3oBaHMSIM PACIIMPEHHONW MATPHUIIBI CUCTEMBI OTHOCSTCS
npeo0pa3oBaHus TPEX TUIIOB:

1) [lepemena mectaMu JHOOBIX ABYX CTPOK:
CieCy, i=].

2) YMHOXEeHHUE 10001 CTPOKH Ha J1000€ YUCIIO0, OTIIMYHOE OT HYJIS

oCi, aeR,a#0.

3) IIpubaBnenue k a000¥ CTpoKe 000N APYroi, yMHOKEHHOM HA TPOU3BOJIBLHOE YUCIIO:
C,+aC;, i#], aeR.

N3BecTHO, YTO 3JIeMEHTapHbIe NMPeoOpa3oBaHusl PACIIMPEHHON MATPHUIbl CUCTEMBI
OPUBOJAST K SKBUBAJICHTHON MaTpHIle, T.€. CUCTEMa JIMHEUHbIX anreOpanvyeckux ypaBHe-
HU, COOTBETCTBYIOIIAs MTOJYYEHHOW MAaTPHUIIE, UMEET TE€ KE PEIICHUS, YTO U UCXOJHAS.

Nnes merona Naycca 3akitogyaeTcss B TOM, YTOOBI ¢ TOMOIIBIO JIEMEHTAPHBIX Mpe-
00pa3oBaHMil OT pacHIMPEHHONM MaTpulbl cucTeMbl BuAa (1.3) mepeliTu BHayane K BepX-
HeTpeyroaprHoi Matpule (1.4) (mpsimoit xon merona 'aycca), a 3aTeM U K IUaroHajabHON
(1.5) (obpatusiit X011 Mmetoaa ['aycca).

Ecnu npu nepexone Kk BEpXHETPEYTrOJIbHONM MAaTPUIIE B MATPHUIIE CUCTEMBI HE BO3-
HUKJIO HA OJTHOM HYJIEBOM CTPOKH (3TO COOTBETCTBYET TOMY, UTO OMPEACIIUTENIb HCXOTHON
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CHCTEMBI OTIIMYEH OT HYJIs), TO CHCTEMa HMMEET €IMHCTBEHHOE peireHue. Ero jerko
HAWTH, UCXOJIS M3 TUArOHAIIBHOTO BHIA: X =0, X, =bg,---, X, =D} .

[IpoaeMoHCTpUpPYEM Ha MpUMEpax TEXHUKY MCHOJIb30BAHUS SJIEMEHTapHBIX MPeo0-
pa3oBaHUM.

2X—-y+32z=8
IMpumep 8. Pewums cucmemy ypasnenuii < 3X+2y+2=5.
X—-3y+52=10
Pemienue. 3anuiiieM pacIMPEHHYIO MaTPUILy CUCTEMBI:
2 -1 3|8
3 2 1/5
1 -3 5[0

Bribepem B mepBoM cTOIOLIE BEIYIIHM 3JIEMEHT, T.€. 2JIEMEHT, C IOMOIBI0 KOTOPO-
ro ynoOHo OyneTr caenaTh HyJld TOJX HUM. TakuM 4mcioM sBisieTcs: enununa. [lomensem
MECTaMH MePBYI0 U TpeThio cTpoku (C; <> C; anemenTapHoe npeodpasoBanue 1-ro Buaa):

-3 5[10
3 2 1|5
2 -1 3|8

C noMoIuiplo 3JIEeMEHTapHBIX MpeoOpa3oBaHuil 3-TO TUMA JeJIaeéM HYJIU TOJ BEay-
mum snemeHToM (C, —3Cy; C; — 2Cy):

1 -3 5 [10
0 11 -14]-25|
0 5 -7]-12

Tenepsb BbIOMpaeM BeIyIIHii 3J€MEHT BO BTOPOM cTosOIe. [ToCKONIbKY TOKa eau-
HUIIBI HET, TO €€ JKEeNATEeIbHO CO3/aTh. J{JIs1 TOro U3 BTOPOH CTPOKU BBHIYTEM YABOCHHYIO
tpethio (C, —2C3):

1 -3 5|10

o (D of-1]

0 5 -7]-12
Jlenaem Hynb o Beaymum semerTom (C; —5C,):

1 -3 5|10

0 1 0 |-1},

0 0 -7-7

YMHOKHUM TPETHIO CTPOKY Ha (— % ) ((— %) C; — snemeHTapHOe TpeoOpa3oBaHue

2-10 TUMA):
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1 -3 5|10
0 1 0}-1
0 O 1

MBI TOJTYYHITH MaTPHUILy BEPXHETPEYToJdbHOTO BUAA. [lepexomum k oOpaTHOMY X011y
metoja ["aycca. B kauecTBe BeayIIero aieMeHTa BBIOMpaeM €IUHUILY, CTOSIIYIO B TPETh-
em ctouore. Jlenaem nynu Hax Heit (C; —5C,):

1 -3 05
0 1 O0]-1]
0 0 11

[Tocnenuuii mar. C moMOLIbIO €AVMHULIBI BO BTOPOM CTOJIOLIE 3aHYJIIEM JIEMEHT Hajl
Heii (C, +3C,):

1 0 02
0 1 0-1|.
0 0 11

[Tomydyena marpuiia TUaroHaAIBHOTO BUAa. [IpoBEpKy MONYyYECHHOTO PEIICHHS CIe-
naite camocroaTenbHo. OtBeT: X=2, y=-1 z=1.1

Ecnu npu nepexoze Kk BEpXHETPEYroJIbHOM MaTPHULIE B MATPULIE CUCTEMBI BO3HUKAET
XO0Ts Obl OJTHA HyJIEBasi CTPOKa (3TO O3HAYAET, YTO OINMpPEACIUTEIh UCXOAHONU CUCTEMBI pa-
BEH HYJII0), TO CHUCTeMa JIMO0 HE UMEET PEelIeHUsI BOBCE, JTMO0 UMEET OECUUCIEHHOE MHO-
YKECTBO PELICHHUI.

3X+2y+z=4
IMpumep 9. Pewums cucmemy ypasnenuii s—2X—5Yy +2z2=-1
X—3y+3z=5
Pemenue.
C, +2C,
3 2 14C1<—>C3@ -3 3|5 C,-3C,
-2 -5 2-1 ~ -2 -5 2-1 ~
1 -3 3|5 3 2 1|4

0 11 -8-11 0 0 0-2

Pacrniniem nocneHio0 CTPOKY MOJyYEHHOM MaTPULbl B BUJE YPABHEHUS:
0-x+0-y+0.-z=-2

OueBHIHO, YTO 3TO YpaBHEHHUE, a 3HAYUT U BCA CHCTEMA, pelieHui He nmeet. M
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X, — X, +2X;, =1
Hpumep 10. Pewwms cucmemy ypaguenuii 14% +2X, —=X; =2,
X, + X, + X, =3

Pernienue.

C,-4C

1
-1 2\c sl -1 2[1)C-Ch(1 -1 2|1
4 2 -12| "~ Jo (6) -9/-2| ~ |o 6 -9]-2
5 1 13 0 6 -9-2 0 0 00

B otnuuue ot npeapiayliero npuMepa, mociaeaHssa CTpoka HenpotuBopeurnBa. OHa
YKa3bIBa€T Ha TO, YTO TPEThE YPABHEHHUE CHUCTEMBI SBIISIETCS CJIEACTBUEM IEPBBIX JIBYX.
Takum oOpa3zom, Mbl, GaKTHUECKH, TIOTYUYUITU CUCTEMY U3 JABYX YpPaBHEHUHN C TpeMs HEU3-
BeCTHbIMU. Takas cucreMa MMeeT OECUHCICEHHOE MHOXKECTBO perieHuil. [ Toro 4roos
UX HaAlTH, OJIHY U3 MEPEMEHHbIX (€€ Ha3bIBAIOT CBOOOJHOMN) MEPEHOCAT B MPaBYIO YacTh
pPaCHIMPEHHON MaTpPHUIIbl, & OCTAJIbHBIE MTEPEMEHHBIC (MX HA3bIBAIOT 0A3MCHBIMU WJIH CBS3-
HBIMH) BBIpAXXAIOT Yepe3 3Ty cBoOoaHY10. MMeem

1
C..= 2 1
(1 —11—2x3] L R o R E B
0 6-2+9, 0 1 —§+§x3 0 1—1+§x3
3 2
Takum oOpasom, X —E—EX X ——1+§X Xq = X
P s N 3 2 30 A2 379 3 A3 3

Oto obuee peuieHre cuctemsl. [lpucBanBas cBOOOJHON MEPEMEHHON X3 KOHKpET-
HbIE 3HAYCHMSI, MOXKHO MOJy4aTh YaCTHBIC PELICHUSI, HAIIPUMED,

(3;—1;0} (—l;g;ij.n.
3" 3 3'3

OrtBer: g—EX'—1+§X'XJI
\3 27 3 2

OtmeTuMm enié oIHO TOCTOMHCTBO MeTtona ['aycca. [limg cucteMm JIMHEHHBIX ypaBHE-
HUM 4-ro mopsinka u Bbie MeTof ['aycca okaswiBaetcs addexktuBHee MeTona Kpamepa u
MaTPUYHOTO METOa U MPUBOIUT K PEIICHUIO TOpa3ao ObICTpee.

Hpumep 11. Pewuums cucmemy ypaguenuii

(2%, +3X, +4X, + X, =7
X, —2X, +2X; +3X, =6
3%, +5X, — X, +4x, =-1

15X, +4X, +2X; — X, =2

Pemenue.



C, - 2C,
2 3 4 1|7)\C,eC(1) -2 2 3]6)\C3C
1 -2 2 3.6 2 3 4 1 7 |Ci—5C
3 5 -1 4 -1 3 5 -1 4|-1
5 4 2 —1-2 5 4 2 -1-2
1 -2 2 3|6 )C4-Csf1 -2 2 3|6 )\C2-2C,
0 7 0 -5|-5 0 7 0 -5|-5
0 11 -7 -5|-19 0 11 -7 -5|-19
0 14 -8 -16-32 0 3 -1 -11/-13
1 -2 2 3 |6)\C;-11C,(1 -2 2 3 | 6 G (=D
0@ 2 17|21 |Cs —~302 o 1 2 17 | 21 |Cs '_f—l)
0 11 -7 -5|-19 0 0 —29 —192|-250
0 3 -1 -11|-13 0 0 -7 -62|-76
1 -2 2 3|6)5-4C41 _2 2 3|6 \Ca—7C3
0 1 2 17|21 0 1 2 17 |21
0 0 29 192[250 0 0 (T)-56-54
0 0 7 62|76 0 0 7 6276
C,-3C,
1 -2 2 3|6 C4‘%541 —2 2 316 \2-1Cyr1 2 2 0]3)C1—2Cs
0 1 2 17|21 0 1 2 17 |21 |Ca+56Calg 1 2 0la|C2—2C3
0 0 1 —56/-54 0 0 1 —56/-54 0 0 @02
0 0 0 454|454 0o o 0o (D1 0 0 0 11
1 =2 0 0-1\¢1+2C2(1 0 0 0]-1
o D o olo ~Jo 1 0 o]0
0 0 1 0/2 0 0 1 ol2]
O 0 0 1|1 000 1|1
[IpoBepky caemanTe CaMOCTOSTENBHO.
OTBeT: Xl = —1, X2 :O, X3 = 2, X4 :1-
1.3. Panr marpuubl
Paccmotpum matpuiry A pazmepa MxN. BeluepkUBaHUEM KaKUX—JIMOO CTPOK HIIH
CTOJIOIIOB MOJKHO BBIWICHHTH KBaJpaTHbIC MOAMATPHIBI K-ro mopsjaka, TJe

k <min(m;n).Onpenenurend TakuxX MOAMATPHUI] HAa3bIBAIOTCA MUHOpaMu K -ro mopsiaka

MaTpuilsl A.
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Panrom matpuiel A Ha3blBaeTCs HAUBBICIIMN MOPSANOK OTJIMYHBIX OT HYJII MUHO-
POB 3TOI MaTPUIIBL.
OO0o03Ha4arT paHT MaTpuilel 00br9HO rang A wu r(A).

CpoiicTBa paHra MaTpuubl

1) Panr Marpwuibt A xpn HE TPEBOCXOIMT MEHBIICTO M3 €€ pasMepoB, T.C.
rang A< min(m;n).
2) rang A=0 Toraa u TOJBKO TOT/Ia, Korjaa A— HyJieBas MaTpPHIIA.
3) Eciiu  A— kBaaparHas MaTpuiia N-ro mopsaka, To rang A=n Torua u TOJbKO TO-
IJ1a, KoTJia MaTpuiia A HEBBIPOXKICHHAS.

Haxox1eHrne paHra MaTpuIlbl, UCIOJIb3Ys HEMOCPEICTBEHHO ONpE/CIICHHE, JTOBOJIBHO
T'POMO3JIKO U TPYIOEMKO.

Teopema 4. Pane mampuybsl He usmeHsemcs npu ee 3j1eMeHmMapHbiX npeoopa3o8aHuUsx.

C moMmoIIpI0 3JIEMEHTAPHBIX MPEeo0pa3oBaHUN MOMXKHO MPUBECTH MATPHUILY K BepX-
HETPEYTOJIbHOMY BUJTY:

A1 o... r ain
0 a a a
A— 22 2r 2n |
0 0... drr--- a4
rae a; #0, 1=12,...,r; r<n. PaHr BepXHETPeYroJabHOH MaTPUIIbI PaBEH I .
1 2 -1 4
Mpumep 12. Havimu pane mampuyer A=3 5 2 1
4 7 1 5

Pemenue. Mcnonb3ys TEXHUKY AJIeMEHTapHbIX IpeoOpa3zoBaHuil (kak B Merone ['aycca),
MIOJTyYUM BEPXHETPEYTOIBHYIO MATPHILY:

C, -3C, o e
37 V2

2 -1 4\, _ac, (1 2 -1 4 1 2 -1 4
3521310@511 0 -1 5 -—1u|-[t & ¢

0 -1 5 -11
47 15 0 -1 5 -11 00 0 0

Taxum obOpazom, rang A=2.m

[TonsTHEe paHra MaTpuibl TECHO CBA3AHO C MOHSITUEM JIMHEHHON 3aBUCHUMOCTH (HE-
3aBHCHMOCTH) €€ CTPOK (CTOJIOIOB).
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Crtpoka (cTonmbelr) Ha3bIBAIOTCS JIMHEWHO 3aBUCHUMBIMHU, €CJIIM XOTsA OBl OJHA W3
CTpPOK (CTOJIOIIOB) TMHEHHO BBIpa)KaeTCsl yepe3 OcTaabHbIe. B IPOTUBHOM Cilydae, CTPOKH
(cToOIIBI) HA3BIBAIOTCS JIMHEHHO He3aBUCHMbBIMU (MTOApOoOHee ynTaiite B 1. 1.6.1).

Teopema 5. Paune mampuysl pasen MakCumMaibHOMY YUCTY ee JIUHEUHO He3d8UCUMBIX
CMpOK (cmoabyos).
1.4. CoO0cTBeHHBIEC BEKTOPbI H COOCTBEHHbIE 3HAYEHUS MATPUIbI

Bektop X # 0 Ha3piBaeTCsi COOCTBEHHBIM BEKTOPOM MATPHIIBI A, €CiIH HaifieTcs Ta-
KOC YUCIIO A, 9TO

AX = AX (1.6)

Uwncno A Ha3bIBaeTCS COOCTBEHHBIM 3HAUYCHUEM MATPHUIIBI A, COOTBETCTBYIOIUM BEK-
TOpY X.

PaBenctBo (1.6) MOXXHO 3amucaTh B pa3BEpHYTOM BHUJIC:
a21X1 + a22X2 +---+ aznxn == ﬂXz

anlxl + an2X2 + -+ anan =/1Xn

Otkyzaa noayunm
(all - /I)Xl + a12X2 + -+ alan - 0

HJIM B MATPUIHOM BHAC

(A-J2E)x=0.

[TonyuyenHast cuctema BCcerjia MMEeT HyJIeBoe pelieHue. JJis CylecTBOBaHMs HEHYJIe-

BOT'O PEUIEHMs] HEOOXOIMMO M JOCTaTOYHO, YTOOBI ONPEAEIUTENb CUCTEMBI OOpalaics B
HYJIb:

AA—IE)=| & ARG 2" =0 (L.7)
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Onpenenureinnb A(A—/”LE) SIBJIAETCA MHOIOWIEHOM N-oi creneHu. OH Ha3bIBaeTCs

XapPaKTePUCTHYCCKUM MHOTOWICHOM Matpuilbl A, a ypaBHenue (1.7)— xapakrepucruue-
CKHMM YpaBHEHHEM MaTpUIlbl A.

Teopema 6. Kopnu xapaxmepucmuyeckoeo ypaeuenusi mampuyvl A (eciu ouu cywe-
CMBYI0Mm) U MOALKO OHU AGNAIOMCS COOCMBEHHBIMU 3HAYEHUAMU MO MAMPULDL.

Ipumep 13. Hatimu cobcmeennvie 3nauenuss u co6CmeeHHvle eKmMopbl MAmMpuybl.

(24

Pemrenne. CocTaBUM XapaKTEpUCTUYECKOE YPABHEHHE

2—-1 4 2
A(A-AE)= =0 wm A°+1-2=0,
-1 -3-2
OTKyJZla COOCTBEHHBIC 3HAUCHUSI MATpUIIbl A /11 =-2, 1, =1.

Haxoaum coOCTBEHHBIN BEKTOpP X;, COOTBETCTBYIOIIMM COOCTBEHHOMY 3HAUCHHIO
A =—2. J151g 3TOT0 peliaeM MaTpUYHOE ypaBHEHUE:

(A-4E). :i =0 mm (_41 _41:3:@

OTKy#a —X; —X, =0, T.e. X =—X,. IlomoxuB X, =C, MBI MOIy4HUM, YTO BEKTOP
% =(~C;C) mpu mob6om C#0 sBIfeTcs cOOCTBEHHBIM BEKTOPOM MATpPUIBI A ¢ cob-
CTBEHHEIM 3HAuyeHHEM A, =—2. AHAJOTHYHO, HONyYHM, 9TO BEKTOp X, =(—4C;C) mpu

mob6om C #0 sBnsieTcss COOCTBEHHBIM BEKTOPOM MaTpuilbl A ¢ COOCTBEHHBIM 3HAYCHHEM
/12 = 1..

IMpumep 14. Hatimu cob6cmeennble 3HaueHus U cOOCMBEHHblE 8EKMOPbL MAMPUYDL:

1 -4 -8
A=l-4 7 -4
-8 -4 1

Pemienue. Ilocne mpeoOpazoBanuii (TIpojiesiaiiTe 3TO CaMOCTOSATENIBHO) XapaKTepUCTUYe-
CKOE€ ypaBHCHHE TIPUMET BHI:

23 -9/ -811+729=0.
Hmeem nanee
A2(2-9)-81(1-9)=0 = (1-9)42-81)=0,
otkyga 4 =9, 4, =-9.
Haiinem coOCTBeHHBII BEKTOp X;, COOTBETCTBYIOIIUNA COOCTBEHHOMY 3HAYEHUIO

4 =9:

-8 -4 -8 X, 0

-4 -2 —-4|x%x,|=|0

-8 -4 -8)\x3 0
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Pemmas MOJIYYEHHYIO CUCTEMY METO/10M ["aycca, MOJIyYUM

- 1
X1 :(—ECl —C2;C1;C2j, rie C; n C, npou3BoibHBIE YKCIA HE PAaBHBIE HYJIIO OJHO-

BPEMEHHO.

o 1
AHaAJIOTUYHO HAXOAMM, YTO X, :(C3;§C3;C3j npu J1r000M C3 #0 ecTp coOCTBEH-

HBI BEKTOP MaTpUIbl A ¢ COOCTBEHHBIM 3HaU€HUEM A, =—9.

3AJIAYM 111 CAMOCTOSITEJIBHOM PABOTHI

Haiimu 2A+3B—-B' . A-B, B-A

4 1 5 -2
1. A= , B=
2 3 1 4

3 0 -1 2 3
2. A=|-1 4 , B=| 0
5 3 -3

Buiuuciumeo onpedeﬂumeﬂu:

1 2 -3 7 -1 4 3 2 1
3.5 1 4 4.2 3 2 5. 10 4 -2

0 4 2 5 1 0 0 1

1 3 2 5 4 3 0 1 2 3 -1 2

0 4 -1 3 -11 2 5 10 1 -3
6. 7. 8.

0 0 5 6 0O 4 0 3 31 2 0

0 0 0 2 /71 0 -1 0 5 0

Ilposepums cnpagednusocmov paseHcmas A AB :

NI L

4 1 -2 2 -1 3
11. A=|3 5 1 |,B=|-2 5 4
0 7 2 3 2
-1 2 3 6 -2 4
12. A=| 5 1 4|, B=|3 0}
2 01 4 1
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Haiimu A u coename NnpOBEPKY:

1 4 0 3
13. A= 14. A=
5 2 2 1
2 31 0 2 3
15. A=-3 4 5 16. A=|-1 3 -2
0 1 4 1 4 5

IIposepumo cnpagedrusocmo paseHcmasa (AB)_l =B . A

17. A:(B 5],5: -1 4} 18. A:(4 3),8:[5 _1j
2 1 3 5 0 2 2 3
135 1 -7 2

19. A=/ 0 5 1|,B=|2 0 0
1 2 3 3 4 1
4 3 1 3 -1 2

20. A=| 5 0 3|/,B=|4 1 0
121 5 2 1

Pewums cucmemvr memooom Kpamepa u mampuunvim memooom:

2X+4y+12=5 X+3y+52=7
21. ¢ 4x-5y-z=1 22. 12X—-5y+2z2=3
-X+3y+3z2=8 4x-T7y—-4z7=9
2X) + X9 — X3 =1 2X; —3Xy + X3 =8
3X; + 2%y +2X3 =13 Xy +3Xy +4X3 =3
2X—-3y+12=0 4X+5y+12=6
25. {5x+y-2z=-1 26. { —X+2y+3z=5
| X—y+z=3 IX—4y+27=-2
2X; +8%Xy + X3 =-1 2%, +6X, + X3 =1
27. 3 3%, +5%X, —2X3 =9 28. 33X +2Xy —4X3 =3
—4X; + Xy —3X3 =5 — Xy —9Xy +2X3 =4




22

—-X+2y+2=4 2x+3y—-4z=1
29. {2x—-5y+2z=3 30. 43x—y+2z=12
Ax+y-—-27=-1 4x +3y—-32=9
Pewumsv cucmemovr memooom I'aycca:
2X+3y+z2=-1 AX+Yy+22=5
31. { SX—-y+4z=6 32. —Xx+2y+z=1
4x -2y —-32=6 3X—-y—-z=-4
4x+2y—-z7=1 —2X+Yy+52=-1
33. {3x—y+52=3 34. § 3x+4y—-2z=2
IX+y+4z=38 X+95y+3z=4
3X—-y—-2z=2 4x+y+3z=1
35. 92x+3y+5z=-1 36. {—X+4y+1z=5
o9X+2y+3z=1 3X+5y+4z=6
2X; + X9 +4X3 + 3%, =1 2%y +4Xy + X3+ 2X4 =9
37 X1—2X2+3X3+X4:—4 38 —3X1+X2+5X3+4X4:0
" | 3% — X, —5X3 —2X, =3 S| X —5X, —3Xg + X, =1
5X1+3X2—2X3+6X4:5 4X1+2X2—4X3—5X4:3
X +4X, +2X3+ X, =6 3X; + Xy —4X3 +2X%4 =3
39 3X; —O9Xy + X3 +5X4 =5 40 Xg —3Xy +5X3 +3X, =4
L= 2% + 3%, — X3 + 2%, =1 | 4% —2X, —3%3 +5x, =3
4X1+X2+3X3—2X4:3 —Xl+5X2+2X3—3X4:5
2X; — Xy +2X3 + X4 =3 OX; +2Xy — X3 +3X, =2
41 A% + 2%y + X3 — 3%, =1 42 —3X; + Xy +9X3 — X, =1
6%+ Xy + 3% — 2%, =4 2% + 3%y + 4Xg + 2%, =1
3X1_4X2+X3+X4:—1 X1—5X2—2X3+X4:3
13 A%, +2Xy +3%X3 — X4 =3 m 3% — Xy +4X3 =4
5X1+5X2+2X3+X4:5 —5X1+2X2—4X3+2X4:—3
—3X; + Xy —4X3 +3X, =-1 X +4X3+2X, =5
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Haiimu pane mampuyer A’
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Haitimu cobcmeennvie 3navenus u cobcmeenmvie B6EKMOPbL Mampuybl A:

<)

56. A

55. A

-1 3

-1 2
-2 2

1
3

J

2

0

60. A=|1

-1

-2 0

0
2

62. A=|0 3 0

1

2

59. A

61. A
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1.5. IlpuMepbl UCNIOJIB30BAHNS AJITeOPANYECKOr0 ANNAPATa JJIsSl KJIACCHYECKHX
IKOHOMHUYECKHUX MOJeJIeH.

Mooens Jleonmbesa MHO200MPACICE0U IKOHOMUKU

MaxkposkoHoMHKa (YHKIIMOHUPOBAHUS MEXKOTPACIEBOTO XO3siicTBa TpeOyeT Oa-
JaHCca MEXAY OTIENbHBIMU oTpaciisaMu. Kaxnas oTpaciib, C OJHOM CTOPOHBI, SIBISETCA
MPOU3BOJIUTENIEM, a4 C JPYrod — MOTPEOUTENeM MPOAYKIIUH, BBIITYCKAEMON PYTUMHU OT-
pacisimu. Bo3HuKkaeT 3ajjaua pacyeTa CBSI3U MEXKAY OTpaciasiMU uepe3 BBITYCK U MOTpeo-
JICHUE MPOAYKIIMH Pa3HOTO BUAa. BrepBrie 3Ta mpobiema Obu1a chopMynupoBaHa B BHIIE
MareMatrudeckor Moaenu B 1936 r. amepukanckum skoHomuctoM B.B. JIeoHTheBBIM. MoO-
JIeJIb OCHOBAHA Ha ajireOpe MaTpHI] U UCIIOJIB3YET allllapaT MaTPUYHOTO aHAJIN3a.

[Ipenmonaraercs, 4To MPOU3BOJICTBEHHAs cepa X03sHUCcTBa MpeAcTaBiseT coooi N
OTpaciiei, KaXxKJaas U3 KOTOPBIX MPOU3BOJAUT CBOM OJHOPOIHBIN mpoaykT. Jjis obecreye-
HUS CBOETO IPOU3BOACTBA KaXKAash OTpacib HYXIAETCS B MPOIYKIMU JPYTHX OTpacieit
(mpousBoACTBeHHOE TOTpebieHne). Kak mpaBuio, paccMaTpuBaeTcs MpoIEece MpOu3BO/I-
cTBa 3a oauH roa. O0o3HauYUM

Xi - o6umii 06beM IPOAYKIMH i -i OTpaciy (ee BaIOBOH BBITYCK);

Xij - 00beM MPOJYKIMH i-U OTpaciu, NOTpeOIsieMblid - OTpaciblio MpU MPOU3-
BOJCTBE 00beMa NMPOAYKIHUH X; ;

Yi - 00beM MPOAYKIMH i-U OTpaciu, MpeaHa3HAYEHHBIN I peanu3anuu (moTpeod-

JI€HMs) B HENPOU3BOJACTBEHHOU cdepe (yIOBIETBOPEHHE MOTPEOHOCTEN HaceleHUs, CO-
JiepKaHUe roCyAapCTBEHHBIX HUHCTUTYTOB U T.J.).

banaHCOBBIM NPUHLMUII CBSA3M PA3JMYHBIX OTPACIEHd COCTOMT B TOM, YTO BaJlOBOM
BBINIYCK - OTpaciau AOKEH ObITh paBEH CyMMeE OOBEMOB MOTPEOJEHUS B MPOU3BOJI-
CTBEHHOW M HEMPOM3BOACTBEHHOH cdepax. banancosvie coomnouienus MOTYT OBITh BBbI-
paXK€Hbl TUHEHHBIMHU YPaBHEHUSMMU:

XI :X|1+X|2 +...+X|n+y|, i:1,2,...,n. (1-8)
B ocHoBy mMojnenu JIeoHTheBa JieT YCTaHOBIEHHBINM UM (PaKkT, YTO B TEUEHUU JIJIU-
TEJIBHOTO BPEMEHHU YPOBEHb TEXHOJIOTMH IPOU3BOJICTBA OCTAECTCS HEM3MEHHBIM, OTKYZa

caeayer, 4to a; = Xj / X; - 00beM MOTPEeOIEHNs j-i OTPACHIBIO MPOLYKIMH | -H OTpaciu
IpU IIPOU3BOACTBE 00BEMA MPOLYKIMH X; - €CTh TEXHOJIOTMYecKas KoHcTaHTa. IIpu Ta-
KOM JIOITYIIEHUHU TEXHOJIOTUSI IPOU3BOACTBA PUHUMAETCS JIMHEWHOM, a cCaMO JIOIYILIEHUE
Ha3bIBaCTCs cunomesou auneinocmu. Ilpu 3Tom uncna 8 Ha3bIBAIOTCS KO Puyuenma-
mu npamuix 3ampam. Takum o0pa3zoMm, yuuTeiBas 4to X = ;X; mis i, j=12,...,n, ypas-
HeHus (1.8) umeroT Bu:

X, = au X, +a,X, +...+a, X, +Y,

Xy = 8y Xy + 850X, +.oo+8,, X, + Y,

(1.9

X, =au X +a.,X, +...+a,.X, +Y,

Cuctemy (1.9) MoxkHO 3anucarb B MATPUYHOM BHJI€, Ha3bIBAEMOM VPAGHEHUEM JiU-
HelH020 MedHcompacego2o bananca:
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X=AX+Y, (1.10)

X, y1

- 2 - | Y
rne X= - BCKTOP BaJIOBOI'O BBIIIYCKa, Y = - BCKTOPp KOHCYHOI'O HOTpe6J'I€HI/ISI,

X, Yn
all a12 LY aln
a21 a22 ... a2n

- MaTpuIa Ko3((HUIMEHTOB MPSMBIX 3aTpaT.

a, a, .. a

nn
VYpaBuenue (1.10) MOXHO UCIIOJIB30BATh B JABYX IHENSIX: JJI BBIUUCICHUS HEHU3BECTHOIO
BEKTOpa BaJIOBOT'O BBIITYCKA X WJIW JUIsl HAXOXK/ICHHUSI BEKTOPA KOHEYHOTO OTPEOICHUS V .

Martpuna A, Bce 3JI€EMEHThI KOTOPO HEOTPHUIATENbHBI, HA3bIBAETCA NPOOYKMUBHOU,
€CJIM JIJIs1 TI0OOr0 BEKTOpa § € HEOTPHUIATEIbHBIMU KOMIIOHEHTAMHU CYIIECTBYET pELICHUE
ypaBHeHwUs (1.10) — BeKTOp X, BCE DIIEMEHTHI KOTOPOTO HEOTPHUIIATENILHBL. B 3TOM cityuae
Mojieb JICOHThEBA HA3bIBACTCS HPOOYKMUBHOU.

TpeGoBaHrue HEOTPUIIATEIBLHOCTH AJIEMEHTOB MATPHUILI A M BEKTOPOB X U Y
BIIOJIHE €CTECTBEHHO BBITEKA€T W3 IMPUKIAJAHOTO XapakTepa IIOCTAaBICHHOW 3aJayu.
Bnpenp Oynem cuutaTh, 4TO MaTpuila A U BEKTOPHl X U Y YJOBJIECTBOPSIOT JIaHHOMY
TpeOOBAHMIO.

W3BecTHO, 4TO ecau 0111 mampuyvl A u Hekomopoeo éexkmopa y ypasnenue (1.10)
umeem peuieHue X, mo mampuya A npooyKmueHa.

Takum o00pazom, sl ONpeAesieHHus] MPOAYKTUBHOCTH MATPHUIIBI A JIOCTATOYHO
YCTAaHOBUTh HAJIMYWE TOJIOKUTEIBHOTO pemieHus: cucteMbl (1.10) xots Obl miisi 0AHOTO
MOJIOKUTEIIBHOTO BEKTOpA Y .

[Tepenumiem cuctemy (1.10) ¢ ucnosib30BaHNEM €IUHUYHON MaTpHUIIbI E :

(E-AX=Y. (1.11)

Ecmu cymectByer obOpatHas marpuia (E-—A)™, CyIIECTBYET SIUHCTBECHHOE peIlie-
uue ypaBHenus (1.11):

X=(E-A"'y. (1.12)
Marpuia (E — A)™ Ha3bIBaeTCS Mampuyell NOJHbIX 3ampan.

Teopema (nepBblil KpUTEPHUIl NPOAYKTUBHOCTH). Mampuya A npodyKmusHa mo-
20a U MoJbKo mo20a, Ko20a Cyujecmeyem Mampuya noaHblx 3ampam u ee 31eMeHmsl He-
OmMpuYamenbHbl.

Teopema (BTOpOIi KpUTEpPUl NPOXYKTUBHOCTH). Mampuya A npooykmuena, ec-
JIU CYMMA NeMeHmMO8 no 10bomy ee cmoaoyy (cmpoke) He npesocxooum eOuHUYbl:
n
2. <1,
i(j)=1
npuvem xomsi 0vl 0Jis1 00HO20 CMOAOYA (CMPOKU) HEPABEHCINBO CIMPO2oe.
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Ipumep 15. Jana mampuya xosghguyuenmos npamvlx 3ampam, 6eKmop 6dl08020 Bbl-
nycka 0 mpex ompacieli NPOMbIUAEHHOCTU 3a UCTEKWMULL 200 U NAAHUPYEeMbLL HA Clle-
OyIowUll 200 8eKMop KoHeuHo2o nompebaenus. Haiimu éexmop xoneunozo nompebienus
3a ucmexkwul nepuod. Onpedeaums 00bem 8ani08020 BbINYCKA KANCO020 8UOA NPOOYKYUU
Ha cedyowutl 200.

Ne Otpacib [Totpebnenue | BanoBoii Bol- | [lmanupyemslit Ko-
1| 2 3 yCK HEYHBIA MPOTYKT
1 | Job6wrua m mepepabdotka| 5 | 35 | 20 100 60
YTJIEBOIOPOIOB
2 | DHepreTuka 10 | 10 | 20 100 70
3 | MamuHocTpOoeHue 20 | 10 | 10 50 30

Pemienue. BrinuiiieM BEKTOp BaJIOBOTO BBIITYCKAa U MAaTpUily KO3(PPUIIMEHTOB MPSAMBIX 3a-
Tpar:

100 0,05 0,35 0,40
X=[100|, A={010 010 0,40
50 0,20 010 0,20

Od4eBUIHO, YTO MaTpuIla A YIOBJIETBOPSET BTOPOMY KPUTEPHUIO MPOTYKTUBHOCTH.
Jlns onipenienieHus BEKTOpa KOHEUHOTO MOTPEOJICHUS 32 UCTEKIIUM MepUo] UCTION b-
3yeMm ypaBHeHue (1.11). Umeem:

09 -035 -0,40
(E-A)=[-010 09 -040]
-0,20 -010 0,80
Haxoaum BEKTOp KOHEYHOTO IPOIYKTA 338 UCTEKIIUH ITEPUOA;:
095 -035 -0,40) (100 40
y=(E-AXx=|-010 090 -0,40|-/100|=]|60 |,
-0,20 -010 0,80 50 10

JIyist oTBETa HAa BTOPOM BOIPOC — ompeeieHrne 00beMa BaJIOBOTO BBITYCKA KaX0TO
BUJIa TIPOJYKIIMU Ha CIEAYIONIUHN To, ucnoiabzyem dopmyny (1.12). CHavana BeIYUCIAM
MaTpuIly IpsIMBIX 3aTparT:

068 032 050\ (132 062 097
(E—A)‘lzé 016 068 042(=|031 132 081
“""l019 0165 082) (037 032 160
132 062 097) (60) (1521
Xx=(E-A)'y=|031 132 081|-|70|=|1358
037 032 160) (30) |925

Takum 00pa3oM, 4TOOBI BBIITOTHHUTH IIJIaH IO BBIITYCKY KOHEUYHOTO MPOAYKTA, HY)KHO YBE-
JIMYHUTH COOTBETCTBYIOIINE BAJIOBBIE BHIMTYCKHU: JOOBITY U MepepaboTKy yrieBOAOPOIOB HA
52,1%, ypoBeHnb 3HepreTuku — Ha 35,8% U BBINYCK NPOJYKIIMU MAIIMHOCTPOEHHS — Ha
85% 1o cpaBHEHHUIO ¢ Mpoueamum rojgom. l
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Jlunetinas modenb mopeosiu

PaccmoTpum sunetinyro modenv obmena WA MoOenb MeAHCOYHAPOOHOU MOpP2o6u,
OTpaXaroIIylo MPOLIECC B3aMMHBIX 3aKyIMOK TOBapoB. bynem moriarate, 4To OIOMKETHI N

CTpaH, KOTOpbIE Mbl 0003HAYUM COOTBETCTBEHHO X, Xj,..., X, , PACXOIYIOTCS Ha MOKYIIKY
ToBapoB. Ilycte & - mons Oromkera X;, KOTOPYIO j-g CTpaHa TPaTHUT Ha 3aKyIIKy TOBa-

poOB Y i-H cTpaHbl U A - MaTpuua kodpdunuentos d;; . Toraa, eciiu Bech OI0KET pacxo-

JyeTCsl TOJIbKO Ha 3aKYMKH BHYTPHU CTPaHbI U BHE €€ (TOPTOBBINA OIOIKET), TO CIIpaBeaIH-
BO PABEHCTBO

iaij :1. (113)

Martpunia A co cBoiictBoM (1.13), B cuity KOTOpOro cymMma 3JI€MEHTOB €€ JH000ro
CTOJIOIA paBHA €IMHUIIC, HA3BIBACTCS CMPYKMYPHOU Mampuyeti moposiu.
Jliist i -¥ cTpaHbl 0011asi BBIpYYKa OT BHYTPEHHEH M BHEITHEH TOPTOBIIM BhIpaKaeTCs
bopmyoit
P =a,X +a,X +...+a,X,, i=12,...,n. (1.14)
Venosue coanancuposannoii (b6ezoepuyumnoii) mopaosnu. N KaXJI0l CTpaHbI ee

OIOJIKET HE JOJDKEH MPEBBINIATH BEIPYYKH OT TOPTOBIH, T.€. X; < P, unu
X, +a,X, ...+, X, =X, i=12,...,n. (1.15)

n“'n — 77

B ycnoBusix Hamieit MoJienin HepaBeHCTBa oOpalialoTcsl B paBeHcTBa. JlefcTBUTEBHO, €c-
JIA CIIOKUTH BCE OTH HEPABEHCTBA U CIPYIIIUPOBATE 110 X, & TAKXKE IPUMEHUTH CBOMCTBO
(1.13), mosryuum

X (@ +ay +...+a8,)+X(a, +a, +...+a,)+...X, (@, +a,, +...+a,,) =X +X, +...+X,.
Takum obpazom, ycinoBus (1.15) npuHUMAIOT BUA CUCTEMBI JIMHEHHBIX YPaBHCHUM:

Ay X, +a,X, F...Fa X, =X

Ay X, +ApX, +. 3, X, =X,

(1.16)

..............................

a, X, +a,X, +...+38,X, =X

nn°'n n
Ecnu BBecTH BekTOp O10KETOB X , TO cuctemy (1.16) MOKHO 3amucaTh B MAaTPUYHOM BH-
ne
AX =X, (1.17)

DT0 ypaBHEHHE O3HAUYAET, YTO COOCTBEHHBIA BEKTOP CTPYKTYpHOH MaTpHWIll A, OTBEYa-
IOIMNA ee COOCTBEHHOMY 3HA4Y€HHIO A =1, COCTOMT U3 OIOJKETOB CTpaH Oe3nePUIIMTHOM
MEKIYHApPOIHOU TOPTOBIIH.

Jlns onpenenienust X OyaeM Ucnofib3oBaTh ypaBHeHue (1.17) B Buze:

(A—E)X =0. (1.18)

Mpumep 16. CmpyxmypHnas mampuya mop20o6nu yemvipex Cmpau umeen uo.
02 03 02 02

04 03 01 0,2
03 03 05 02
01 01 0,2 04
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Haiimu 610001cemuvt smux cmpat, yoosiemaopsowjue coOaraHcupo8antou be3oehuyumnotl
mopeoeaiie npu yciosuu, ymo cymma 6roaicemos pasta 6270 o.e.

Pewenue. U3 ypaBuenus (1.18) numeem cucremy:
-0,8x, +0,3x, +0,2x, +0,2x, =0
0,4x, —0,7x, + 0,1x, +0,2x, =0
0,3x, +0,3x, —0,5%, +0,2x, =0 °
0,1x, +01x, +0,2x, -0,6x, =0

Panr MaTtpuisl 3TOM CUCTEMBI PAaBEH TPEM, 3HAYUT, OJTHA U3 HEU3BECTHBIX SBIIAECTCS CBO-
OOIHOM, a OCTaJbHBIE BBIPAXKAIOTCS Yepe3 Hee. PemuTh 3Ty CUCTEMY MOXXHO METOJIOM
["aycca (nmponenaiite camoctosTenbHO!). HaliileHHbIe KOMIIOHEHTBI COOCTBEHHOI'O BEKTOpa
X UMEIOT BHUJ:

@c, X, :%C, X3 :@c, X, =C.

121 121

[IpupaBHUBaeM CyMMy HailICHHBIX 3HAYEHHUH K 33JJTaHHON CyMMe OFO/IKETOB:

X, + X, + X5 + X, :%0:627030:1210.

1

OKOHYATEIPHO II0JIy4acM HMCKOMBIC BCIMYUHBI OFOJKETOB CTpaH IMpHU Oe3AehUIIMTHON
TOoprosiie (B 1.e.):
x, =1400, X, =1460, X, =2200, x, =1210. W

3AJAYM JJII CAMOCTOSITEJIBHOM PABOTHI

1. Yoenutbcs, aro Moaenb JIeOHTheBa MpOoAyKTHBHA. HaliTH BEKTOpP KOHEYHOTO IPO-

d .
AYKTa OJIs HOBOI'O BEKTOPA BAJIOBOI'O BBIITYCKa X :( . Haiitu BCKTOP BAJIOBOI'O BLIITYCKa
e

f
JUTSl HOBOI'O BEKTOPAa KOHEYHOTO POJYKTa Y =[ ]
9

1 2 3 4 5 6 / 8 9 10

X, 500 400 200 600 700 800 900 700 900 200

X, 700 900 300 300 400 300 300 600 600 900

Xy, 50 30 45 20 75 85 150 120 200 100

x, | 100 | 40 | 90 | 80 | 125 | 95 | 70 | 150 | 400 | 75

2 60 70 100 70 70 170 40 80 20 50

2 90 120 70 100 150 100 120 75 125 120

400 200 600 700 800 900 700 600 200 500

900 300 300 | 400 300 | 400 600 900 700 700

800 900 700 600 200 500 | 400 200 600 700

300 | 400 600 900 700 700 900 | 300 300 | 400

Q| =D |
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f o
. Haiitu Oromxe-
€ g
Thl 3THX CTPaH, YAOBICTBOPSIONIMEC YCIOBHIO COATaHCHPOBAHHON Oe3aehHUIIUTHON
TOPTOBIIU TIPU X, + X, = h.

2. CTpyKTypHasi MaTpuiia TOProBIIM JIByX CTpaH UMEET BUA: A :(

1 2 3 4 5 6 7 8 9 10

0,2 0,3 0,1 0,8 0,4 0,3 0,7 0,1 0,7 0,2

0,8 0,7 0,9 0,2 0,6 0,7 0,3 0,9 0,3 0,8

0,6 0,2 0,4 0,3 0,2 0,1 0,9 0,3 0,8 0,4

0,4 0,8 0,6 0,7 0,8 0,9 0,1 0,7 0,2 0,6

S|IQ| =D |

800 900 700 600 200 500 400 300 650 750

1.6. Ipocrpancrea R".

O60o3HaunM yepe3 R" MHOXKECTBO yHOpAI0YEHHBIX HAGOPOB MO N IEHCTBUTEILHBIX
gyucen: a=(8y,8y,...,a,), Ne N. Camu Takne HaOOPbI Ha3bIBAIOTCA N - MEPHBIMU BEKTO-
pamu.

PaccMoTpuM N -MepHBIe BEKTOPHI & = (8;,dy,...,8,) u b = (b;,b,,...,b,). JIBa Bek-
Topa @ M D Ha3bIBAIOTCA PABHBIMM, €CIIM PAaBHBI UX COOTBETCTBYIONIME KOOPAMHATHI:
a; =b, 1=12,...,n.

BaenieM Ha MHOkecTBe R" nuHeiinble oneparum.

CyMMoii 1ByX BeKTOpoB a M D Ha3bIBaeTCS BEKTOpP, KOOPAUHATHI KOTOPOTO PABHBI
CyMMaM COOTBETCTBYIOIIUX KOOPJAUHAT BEKTOpPOB & U b :

a+b=(a +b,a, +b,,...,a, +b,).

IIpousBeneHuemM BeKTOpa a Ha JAeHCTBUTEJbHOE YHMCJIA0 A HA3BIBACTCS BEKTOD,
KOOPJIMHATHI KOTOPOTO PaBHBI MMPOU3BEICHUIO YUCIA A HAa COOTBETCTBYIOIIME KOOPAMHA-

TBI BEKTOpa a :
Aa =(Aay,Aay,...,Aa,).

JIuHeliHble onepany Hal BEKTOPAMHU YAOBJIETBOPSIOT CBOMCTBAM:

1. a+b=b+a 5. l-a=a

2. a+(b+c)=(a+b)+c 6. 2-(u-a)=(1-p)-a
3. a+0=a 7. A-(@+b)=2a+ b
4. a+(-a)=0 8. A+u)-a=A-a+u-a

rie A, M - TPOU3BOJBHBIC JCUCTBUTEIIbHBIC YHUCIIA, 0=(0,0,...,0) - HYJICBOU BEKTOD,
(-a)=(-a;,—a,,...,—a,) — BEeKTOp, IPOTHBOIIOJIOKHbBIH K BEKTOPY a .
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MHOX€eCTBO Rn, C BBCJCHHBIMHA Ha HEM JIMHECHMHBIMHU onepanrsaMH, HA3bIBACTCA

npocrpancteom R".
Ecnu nuHeliHble onepanyy yaoBIETBOPSIOT yKa3aHHBIM BBILIE BOCHMH CBOICTBaM,
TO COOTBETCTBYIOLIEE NPOCTPAHCTBO HA3BIBACTCSH JAMHEHHBIM MJIM BEKTOPHBIM IIPOCTPAH-

ctBoM. Takum 06pasom, mpocTpaHcTBO R" AB/IsIeTCS BEKTOPHBIM NPOCTPAHCTBOM.

3amMeTHM, 4TO 3JIEMEHTaMU HEKOTOPBIX MPOCTPAHCTB MOTYT OBITh HE TOJIBKO BEKTO-
PBI, HO U pa3lInyHbIe Apyrue o0bekThl. Tak, HapuMep, TMHEHHBIM TPOCTPAHCTBOM SIBJISI-
€TCsl MHOKECTBO BCEX KBaJPATHBIX MATPHIl OJIMHAKOBOTO pa3Mepa (00BsICHUTE moyemy!).
HecnoxHo nokasarb, 4YTO JMHEHHBIM OyAET MPOCTPAHCTBO BCEX areOpanyecKuX MHOTO-
YJICHOB CTENEHM, HE MPEBBIIIAIONIEH HATypajJbHOTO 4YHCia N (MpOBEpPhTE BHIMOJIHEHUE
cBoicTB 1-8). B TOXe Bpemsi, MHOXECTBO BCEX MHOTOUJICHOB (DMKCUPOBAHHOW CTENIEHU HE
SIBJISIETCS JIMHEHHBIM MPOCTPAHCTBOM, T.K. CyMMa JIByX TaKUX MHOTOWICHOB MOXET OKa-
3aThCsl MHOTOYJIEHOM O0Jiee HU3KOM CTENEHHU.

1.6.1. JInHeiiHas 3aBUCHMOCTD M JIMHEHHAs1 HE3aBUCHMOCTh CHCTEMBI BEKTOpPOB

BekTtop @ Ha3piBaeTcs JAMHEHHOW KOMOMHAIMEHd BEKTOPOB aj,d,,...,dy, €CIH

HaWJIyTCs JEUCTBUTEIbHBIE YUCHA O, p,...,Q TaKUE, UTO:
a=o; - +ta,-a, +...toa.

Cucrema BEeKTOpPOB HAa3bIBACTCS JIUHEHHO 3aBUCHMOM, €CJIM XOTS Obl OJMH U3 BEK-
TOPOB CUCTEMBI SIBJISICTCS] TMHEWHONW KOMOMHAIIMENH OCTaIbHbIX.

Ecnau HU oMH U3 BEKTOPOB CUCTEMbI HE MPEJCTABIISICTCS KaK JUHEWHAss KOMOWHa-
US APYTUX, TO CUCTEMA HA3BIBACTCS JIMHEWHO HE3ABUCUMOM.

o 2
JluneiiHas 3aBHCMMOCTH BEKTOpoB B R o3Hawaer mx kommHeapHOCTh (mapai-
JeNbHOCTD). JIF00as mapa HeKOJUTMHEAPHBIX BEKTOPOB ABJISIETCS IMHEHHO HE3aBHUCUMOI.

o 3
JIuneiinas 3aBHCUMOCThL TPEX BEKTOPOB B R” 03Hauaer MX KOMIUIAaHAPHOCTH (IIpH-
HaJJICKHOCTD OJTHOU TIJIOCKOCTH).

S — . n
Teopema 7. Cucmema éexmopos ial, ay,...,a }—Jzuﬂeuno nesasucuma 6 R mozoa

n
U MOILKO Mo20a, Ko20a ypasHeHue:

X & + Xp8, +...+X,, =0
uMeem mobKo MpUBUAIbHOE peluenue, m.e. X| =Xy =---=X, =0. Cucmema auneino 3a-
BUCUMA MO20d U MOAbKO M020d, K020d OAHHOe YPABGHEHUE UMeem He MPUSUAIbHOEe peule-

Hue, m.e. X12 +X§ +---+X§ #0.

Teopema 8. (Kpumepuii aunetinoti 3asucumocmu (He3a8UCUMOCIIU) CUCTEMbL U3 O8YX
8EKMOPO8).

Jlsa éexmopa @ u b nuneiino 3asucumvl (nuneiino nesasucumvl) mo2oa u MoILKO mo-
20a, Ko20a 6ce ux coomeemcmsyrujue KoopouHamvl NPONOPYUOHATIbHL (HENPONOPYUO-
HAIbHDL).
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Ipumep 17. Buiacnums, aensaiomcs au TUHEUHO 3A68UCUMBIMU 8EKMOpbl A :(1,4,—2,3) u
b =(28-46).
Pemienune. Onpeaenum, TponoplurOHaIbHbI JIU KOOPIMHATHI BEKTOPOB:
1 4 -2 3
—=—=——=— — BEpHO.
2 8 -4 6
CiemoBaTelbHO, BEKTOPBI @ U D nmuHelHo 3aBucuMbl.
Teopema 9. (Kpumepuii aunetinoil 3a8ucumocmu (He3a8ucumocmu) cucmemol u3 N Gek-

n
mopoé 6 npocmparncmee R").

Cucmemul 8ekmopos 51, a2 e an }— JIUHEIHO 3A8UCUMA (TUHEUHO HEe3A8UCUMA) 8

RN moeda u moavko mozoa, kozda onpedenumens, cocmasiennwiii u3 KOOPOUHAM DMUX
BEKMOPO8, pABeH HYIO (OMAUYEH Om HYJs).

Ipumep 18. Onpedenumo, a61210mcs U TUHEUHO 3ABUCUMBIMU BEKMOPA
a=(3-21), b =(4,1-3) u c=(2-3-1)?

Pemeune. CocTaBUM U BBIYUCIIUM OIIPCACIUTCIIb U3 KOOPAUHAT BCKTOPOB:

3 -2 1
A=l4 1 -3=3-1-9)+2(-4+6)+1(-12-2)=-40
2 -3 -1

T.x. A#0, To BekTopel &, b wu C - nmuHEHHO He3aBrcuMbL. M

Teopema 10. JTo6bie N +1 eexkmopoe nunelino 3asucumvl 6 npocmparcmse R".

3ameuanue. OcTtaercsi pacCMOTPETh CUTYAIUIO, KOT/la KOJMYECTBO BEKTOPOB B CHCTE-
Me OoJibllie BYX, HO MEHbIIE N (Hampumep, TPU BEKTOpa B MPOCTPAHCTBE R4). Urak, BbI-

SCHUM JIMHEWHYIO 3aBUCUMOCTDH (HE3aBUCUMOCTH) CHCTEMBI ia_l,éz,...,ak} B IIPOCTPaH-

cree R", rne 2<k<n. PaccmoTtpum Matpuily A, COCTaBICHHYIO M3 KOOPAMHAT 3TUX
BEKTOPOB, M BBIUUCINM e¢ paHT. C ydeToM TeopeMsl 5, nemaeM BeIBOI: eciau rang A=K,

TO CHCTeMa JIMHEHHO He3aBUCHMa, a eciiu  rang A<k, To cucrema iﬁ ,a_,...,a } - M-

1’2 k
HEWHO 3aBHUCHMA.
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1.6.2. Basucel B npocrpancreax R".

Cucrema BextopoB {€ ,€_,...,& } HasmBaercs Gasucom mpoctparctea R", eciu
1" 2 n

mo6oit Bektop @ € R" MoKkeT GbITh AHMHCTBEHHBIM 0OPA30M MPEACTABICH B BUJIE JTHHEH-
HOW KOMOMHAIIMKY BEKTOPOB 3TOW CUCTEMBL:
a == alel +a292 +"'+C¥nen.
Yucna ay,as,...,0, Ha3pIBalOT KO3 UIIMEHTAMU pa3I0KEHUs BEKTopa a Mo Oa3ucy

{el,ez,...,en}.

B mpoctpasctBe R? mpuMepoM Gasuca MOKET CIy’KHTh CHCTEMa CIMHHYHBIX Op-

TOB: {i,j}. JlanHbIil 6azuc NMPUHATO HA3BIBATH ecmecmeeHHvIM, T.K. Kod(puiueHTaMu

pasNOKEHHs MOBOro BeKTOpa @ 10 0asucy {i, || ABIAIOTCS KOOPAMHATHI TOrO BEKTOPA.
Hanpumep, a =(2,5)=2i +5].

B npocTtpancTBe R® ecrectBeHHbliT Gasuc o0OpasyeT cucTeMa BEKTOPOB {I K }

Teopema 11. Eciu cucmema eexmopoé obpasyiom 6aszuc ¢ R", mo ona nuneiino nezasu-
cuma.

Teopema 12. Jliobbie Naunetino nezasucumvlx 6exmopos npocmpancmea R" obpaszyiom 6
HeM ba3uc.

Ipumep 19. (Obpaszey pewenus 3a0auu 3 uz KOHMpOAbHOU pabomul). [anvl éexmopul
a =(2,—1,2), b= (— 3,1,—1), c :(1,—2,—3). Onpedenums o6pasyiom nu eekmopvl A, b u

C bazuc 6 npocmparcmee R u ecu da, mo pasnoxcums gexkmop o =(l7,—15,—7) no
amomy 6azucy.

Pemenne. CocTaBUM ONpeICIMTENb U3 BEKTOpoB @, b u C:

2 -1 2
A=-3 1 -1=10
1 -2 -3

T.x. A#0, To cucrema {é b,C } - JIMHEHHO He3aBHUCHMA U MO TeopeMe 12 oOpazyer

0a3uc B MPOCTPAHCTBE R3. 3naunr, BekTop d MOXKeT OBITh €IMHCTBEHHBIM 00pa3zoM
MIPE/ICTABIICH B BUJIC:

d=x-a+y-b+z-C
C TMOKa HEeU3BECTHBIMHU KO3 dunimentamu X, Y, Z. Ilepexonst OT paBeHCTBa BEKTOPOB K pa-
BCHCTBY UX COOTBCTCTBYIOIIUX KOOPAHUHAT IMMPUXOJHUM K CUCTEMC JIMHEUHBIX ypaBHeHHﬁZ

17 2 -3 1
-15|=x-1|+y| 1 |+2]-2],
-7 2 -1 -3
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OTKYyHda:
2X -3y +z2=17
- X+y—-2z=-15.
2X—-Yy—-3z=—1

Pemas 3Ty cucremy, Hanpumep, MerogoM Kpamepa (caemaite 3T0 caMOCTOSATENIBHO),
noyunm: X=3, y=-2, z=5. CnengoBarenbHo,

d=3a-2b+5c.1

1.6.3. CxansipHoe npousBenenne Bekropos. Hopma BexkTopa

Cxanapuvim npouséedenuem Bextopa a = (a,,4,,...,d,) Ha Bektop b = (b,,b,,...,b,)
HA3bIBAETCS YUCIIO
g'b = al'b1+a2 'b2 +...+an 'bn.

CBolCTBa CKAJISIPHOTO NPOU3BeEACHUS

AW N PR
Q|
o A
Ol
N—
Il
Q|
o
+

Hopmoii Bextopa @ € R" HasbiBaercs apudmeTnmyeckuii KOpeHb M3 CKaISpHOTO
POU3BEJCHUS BEKTOpa & Ha ceos:

[a]=va-a=.a?+al+..+a>.

C reoMeTpuyecKoOil TOUKH 3pEHUS, HOpMa BEKTOpA — 3TO €ro JUINHA.

CaoilicTBa HOPMBI

Jis mo0bIx a, b u g moboro uncia A crpaBeUIHBO:

. HEH >0, npuyem HEH =0<=a=0:
. |2al=14]-[a;

: ‘3 : 5‘ < HQHHIC_)H - HepaBeHCTBO Komm-byHsSKOBCKOro;

AN w N R

: Hﬁ +b H <|af+ HEH - HEPABEHCTBO TPEYIOJIbHUKA,;

Venom mexnay Bektopamu @ U D Ha3bIBaeTCS YHCIIO (pe[O, 72'], onpenensieMoe pa-
BEHCTBOM:
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Jal - o]

OTKy/a Cleayer , uro:
a-b=[al-|b]-cose,
T.C. CKAJIIPHOC IMPOU3BCACHUC IBYX BCKTOPOB PABHO IIPOU3BCACHHUIO JJIMH 3THUX BCKTOPOB

Ha KOCHHYC yIJla MCXKIY HHUMH. B stoM cocrour FCOMGTpI/I‘{CCKI/Iﬁ CMBICJI CKAJIAPHOI'O
IIPOU3BCACHU:].

Bektopel @ v b Ha3bIBAIOTCS OPTOrOHAIBLHBIMU (TIEPIICHINKYISIPHBIMHU), €CIH YTOJ

T
MEXKy HUMHU (@ = R 3HauwuT,

O

alboa-b=0.
Ipumep 20. /Ipu kakom 3HaueHuu X 6eKmopvl a = (2,3, X) ub= (X,—1,5) OpPMO2OHANbHBL?
Pewenue.
alb<a-b=0,
T.C.

2x—3+5x:0:>7x=3:>x=$.

1.6.4. BekTopHO€e nNpou3Be/ieHHEe BEKTOPOB

Bexmopmubvim npoussedenuem BEKTopa @ Ha BEKTOp D Ha3biBaeTcs BEKTOp C, yIIO-
BJICTBOPSIIONTNI TpeM yCiIoBHsIM (puc. 1):

1) cla,clb;

2) nnvHA BeKTOpa C YMCICHHO PaBHA IUIONIAJU Mapajuiejorpamma, IOCTPOSHHOTO
Ha BEKTOpax a u b;

3) BekTOpHI A, b u C 00pa3yroT MpaByl0 TPOUKY, T.€. €CIIM CMOTPETh U3 KOHIIA
BeKTOpa C, TO KpaT4aWIliMil MOBOPOT OT BEKTOpPa & K BEKTOPY b nomxen MIPOUCXOJIUTH
IIPOTUB YaCOBOMW CTPEJIKU.

CBoiicTBa BEKTOPHOI0 NPOU3BEACHUS

J{nst 1r00BIX BEKTOPOB IS JIFOOBIX @, b, ¢ u mwis mo6oro uncna A CIIPaBEIJIUBO:
xb=-bxa;

> w e
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ol

b
Puc. 1
a
5. Tabnuiia yMHOKEHHS OPTOB:
ix]=Kk, jxk =T, kxi =],
jxi=-k, kx]j=-i, ixk =—],
i xi =0, jx]j=0, kxk =0
6. Ecin a:(al,az,ag,), 5=(b1,b2,b3), TO
i ] Kk
axb=la, a, a,
b, b, Dby

BekTopHoe npou3BeIeHUE YaCTO UCIIOIB3YIOT ISl HAXO0XKIAEHUS TUIOIIAAEH.

Ipumep 21. Haumu niowadv mpey2onvbHUKa ¢ 6eputuHamu A(5,—1,2), B(B,—4,—2),
C(-235).
Pemenue. Haliem koopanHaTBl BEKTOPOB AB u AC (HAamOMHUM, 4TO JJII 3TOTO HYKHO
13 KOOPJIMHAT KOHIA BEKTOPA BHIUECTh KOOPAMHATHI HAYaJIa):

AB = (-2;-3-4), AC = (-7;4;3)

Y4uuTeIBas, 9T0 HOpMa BEKTOPHOTO TMpou3BeaeHus BekTopoB AB m AC uyucieHHo
paBHa IUIOIIAM [apajjIesiorpaMMa, MOCTPOEHHOTO Ha 3ITHX BeKTopax (puc. 2), aus
HaXO0XJIEHUs IUIOIAAN TPEyroJbHUKAa JOCTaTOYHO OyAeT IUIoIajp INapajuiesorpamma
pa3enuTh Ha JIBa.
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|AB > AC]
SAMBCT 5
i ] Kk
|[ABxAC|=|-2 -3 —4=7i+34j-29k =(7,34,-29)
-7 4 3

[ABx AC|= /7% +342 +(~29)? = /2046
V2046
==

Taxum obpazom, S, =

1.6.5. CmemanHoe npon3Be/ieHUEe BEKTOPOB

Cmewannvim npoussedenuem BEKTOpoB a, b u C (B yKa3aHHOM IOPSAIKE) HA3HIBACT-
CA CKAISIPHOE MPOMU3BEJICHUE BEKTOPHOTO MPOU3BEIICHUS MEPBBIX ABYX BEKTOPOB Ha Tpe-
TUU:

abc =(axb)-c.

CBoiicTBa CMEILIAaHHOT O MpoOn3BECACHNUA BEKTOPOB

J1nis1 mo0BIX BEKTOPOB @, b u C crnpaBeyinBo:
1) Tlpu mepecTaHOBKE MeCTaMH JBYX MHOXKHTEICH CMEIIAHHOE MPOU3BEICHUE MCHSET
3HaK:

Ci:

3) Ecm @ =(ay 8,,85), b =(by,b,.,1), ©=(c;,c,,C5), 10

a 4a, a3
abc=|b, b, b,
¢, C GC3

4) abc=0<«<a, b u C xommianapHsl, T.e. Ie)KAT B OJJHOMN IJIOCKOCTH.

5) AOcosmoTHas BeJIMYMHA CMEHMIAHHOTO MPOM3BEACHUS BEKTOPOB paBHA 00bEeMy mapal-
JIEJICNUIENA, IIOCTPOCHHOTO HA 3TUX BEKTOpaxX

Viapan, =| @bc |

OO0beM nupaMuibl, MOCTPOCHHBIN Ha TEX ke BEKTOpax B 6 pa3 MEHbIIE:
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1, —
Vaupan, =€\ abc |

Takum 00pa3oM, CKaJIsipHOE MPOU3BEIACHUE UCIONB3YIOT JJIsl HaX0XKACHUS IJIUH U
YIJIOB, BEKTOPHOE NPOU3BEACHHUE — I BBIUMCIICHUs IUIOLIAJNEH, a CMELIaHHOE — JJIs
HAXOXJEHUs1 00bEMOB.

IIpumep 22.(O6pazey gvinonrnenus 3a0auu 4 u3 KOHMpPOIbHOU pabomot). [lansl 6epuiuHbl
nUpamuobl; A(— 4,1,—3), B(2,—5,1), C(3,4,3) u D(5,2,—4).
Haiimu: D
a) oauny pebpa BD;
b) yeon meancoy peopamu AB u AC;
C) niowaow epanu BCD;
d) o6vem nupamuowt.

Pemenue. - A B
a) Haiinem Bektop BD, a 3aTem ero HopMmy. 910

u Oymer mmmHa pebpa BD.BD=(3,7,-5),

H@H:\/3Z+72+(—5)2 = /83 C

Puc. 3

b) Yron mexny pedbpamu AB n AC Gynem HaXOUTh KaK yros MexIy BEKTOpaMu AB u
AC (puc. 3), ucronn3ys hopmyy:

B HABMACH
AB = (6;-6;4), AC =(7;3;6),
6-7-6-3+4-6 48 48 12

CoSp = = = = _
Y /36136116491 9:36 88494 4517 /517

12
CrnenmoBarenbHO, ¢ = arccos .
8 \J517

R
¢) S,gep = ——, BC=(19,2), BD=(3,7,-5)
i ] Kk
BCxBD=[1 9 2|=-59 +11j-20k =(-59,11,-20)
37 -5

B x|~ (- 597 +122 + (20 ~Va002, 5 g - V12
d) Bo3sMeM Tpu BEKTOpa, Ha KOTOPBIX IMOCTPOCHA MHUPAMKJIA, HAIIPUMED, AB = (6,—6,4),

AC =(7,3,6) u AD =(9,1,-1), 1 HaiifieM UX CMELIaHHOE IPOU3BEACHHE:



38

6 -6 4
ABACAD=7 3 6|=-500.
9 1 -
3uaunt, Vyypau, = %‘ EA_CE‘ ‘ 500/ = @ H

3AJIAYM 111 CAMOCTOSITEJIbHOM PABOTHI

[IpoBepUTh TMHEHHYIO 3aBUCUMOCTh (HE3aBUCUMOCTh) BEKTOPOB

1. a=(L3), b =(-2,-6)

2. a=(15), b =(0;2)

3. a=(-143), b =(0;7;2)

4, 5:(5,2 ~1,4), b =(-10;-4;2;-8)

5. a=(L-12), b =( 35) ¢ =(1,210)

6. a=(23-1), b =(4-12), c =(7:18)

7. a=(L 20 -1), b =(4; 132) c=(5131)
8. a=(-13210), b =(2L4-2), c =(3-105)

I[OKa3aTL YTO BEKTOPBI {5,5} o0pa3zyroT 6a3uc B R? u Pa3IOXKUTh 110 ITOMY BEKTOp C
C

a=(1-2),b =(31),
10. a=(2-1),b=(-11), c =(4-1)

JlokaszaTp, 4TO BEKTOPBI {a

BEKTOP d
11. a=(30;2), b =(-1-2), c =(212), d =(3,-3-4)
12. a=(-112), b =(2,0;2), c =(3-11), d = (-6;4,4)

HaiiTi BHyTpeHHHE yTibl U ATUHBI Bcex ctopoH AABC

13. A[L01), B(4-12), C(7;4:3)
14. A(-1,2;0), B(3;21), C(4;35)

OmnpenenuTh Ipyu KaKOM X BEKTOpbI @ U b opToronanbHs

=(2-x;3,7)
2k, b=i+2j—xk

17. Haiitu miomaas napauiesiorpaMmma, HOCTPOCHHOTO Ha BEKTOpax
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a=(-412)ub=(5-11).

18. Jlam AABC: A(— 3;1;—2), B(1;3;2), C(4;5;4). Haiitu mmomans AABC u niuny
BBICOTBHI, OITYIIICHHOU 13 BepimHbI C .

19. JlaHbl BEKTOpHI A = (2;1;—3) ub= (1;—2;—1). Haiitu H(ZE - t_))x (é + 35}‘ .

20. Jlamsr Bepummbl mupamumsi: A(-4;-12), B(L3;2), C(2;2;5), D(3;0;1). Haiitu
IUIOMIAaAN BCEX IpaHeil.

21. Yupocturh (i_+2]—3IZ)><i_+(2i_+ ]+3IZ)>< i
22. YpocTurh (3i_—4]>< K + 21 x ])x(Zf—3i).

23. Haiitu oObeMm mapajienenuriesia, MOCTPOCHHOTO Ha BEKTOpax §=(2;—ZL'O),
b =(3;2-1), ¢ =(-2;4;2).

24. Halitu 0o0BeM mNHpaMUIbl C BEPIIMHAMH B TOYKaX A(— 2;1;3), B(—l;—2;1),
C(— 2;],'2), D(4;2;—2) U JUTMHY BBICOTBI, OMMYIIIEHHOM U3 TOYKU D .

25. YcTaHOBUTH, JIEKAT JIM B OJHOM IJIOCKOCTH TOYKH A(l;l;O), B(4;2;3), C(—1;2;5),
D(-10;2).

26. Haiitu BekTOp X, KOJUIMHEApHBIH BEKTOpPYy a = (4;2;4) U yIOBIETBOPSIOUIUN
ycnoBuio X -a =180.

27. JTanw! BekTopsl A = (3;-15), b = (1,2;~3). Haiiti BexTOp X, HepIEHIMKYIAPHBIL
k ocu OZ ¥ yJ0BJIeTBOPSIONHiT yenoBusM: X -a =9, X-b =—4.

28. Jlanbl TOUKH A(5;l;—2), B(4;—2;3), C(0;3;2). Halitn equHUYHBIA BEKTOP, OPTOTO-
HaJIbHBIN BEKTOpaM AB u AC.

29. Bpruncnuth AMuHBI AuaroHanei mapamienorpamma ABCD, ecnu AB=2a-b,

AD-a+3b, [a|-3, [p]-2, ab=Z.
3

30. Bexroppt & wu b oproroHambHbl. 3Has, YTO HaH=3, HBH:4, HAWUTH

(a+B)x(a—b) u |Ba—b)x(a+2b).
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1.7. KoMmieKkcHbIE YHUCIIA

KommekcHble uncia MMPUMCHAIOTCA, B YaCTHOCTH, OJIA PCHICHHA KBAAPATHBIX YpaB-
HCHUU. TaK, OCTaBasCh B 00JIACTH MHOXKECTBA I[GI?ICTBHTGJIBHI)IX qUCCJI, HCBO3MOKXHO pPC-
IMUTb KBAAPATHOC YPABHCHUC, TUCKPUMHUHAHT KOTOPOI'O MCHBIIIC HYJIA.

Komnnekcuvim yuciom Ha3bIBaeTCs BBIPAXXCHUC BHUJA Z =X+ |y, rnec XxXumy - Jie-

CTBUTEJBHBIE YKCA, | - MHAMAs €INHUIA.
Yuciao X HaA3bIBAETCA OCUCHBUMEIbHOU Yacmbio Yucia Z 1 0003HaYaeTCs Re(z), a

YUCTIO Y - MHUMOI yacmpio ducia Z u obosHauaetcss Im(z), T.e. x=Re(z), y= Im(z).

JICHCTBUTEILHOE YHCIO X SIBJIACTCSA YaCTHBIM CITydaeM KOMIUIEKCHOTO Z=X+1Y
npu Y =0. KoMIuiekcHble yncia Buia Z =X + 1y, He ABJISIOIIMECS JCHCTBUTECIBHBIMU (T.C.
npu Y #0), Ha3eBaroTCs MHumbiMu, a ipu X=0, y =0, T.e. ynucna Buga Z =1y - yucmo
MHUMBIMU.

Yucna z=X+1y U Z=X—I1y Ha3bIBAIOTCI conpsiceHnbiMu. JIBa KOMIUIEKCHBIX
uhcna z; =z, +iy; u Z, = 7, +1y, Ha3bIBAIOTCS pAGHbIMU, €CII PABHBI X AEHCTBUTEIb-
HbI€ ¥ MHUMBIE YacTH, T.€. Z; = Z,, €CIIH Re(zl)z Re(zz), Im(zl): Im(zz). B yacTHOCTH
z=0, ecu Re(z)=0 u Im(z)=0.

ApudMeTHuecKkre ONepalMi Ha MHOMXECTBE KOMIUICKCHBIX YHCEN OMPEACIISIOTCS
CJIETYFOIIUM 00pa3oMm:

1. Cnoxenue (BbIYMTaHUE) KOMIUIEKCHBIX YUCEI:
2, £2, =(x %, )+ily, £ y,).
2. YMHOXEHUE KOMIUIEKCHBIX YHCEI:
2,-25 = (XX = V1Yo )+i(X, Y, + %o ;).

B wactaoctn, i’ = (0+i-1)-(0+i-1)=(0-1)+i(0+0)=-1
3. Jlenenue AByX KOMIIJIEKCHBIX YUCEI:

4 _ (XIXZ + y1y2)+ i(Xzyl - le?) (z#0)

2 2
Z; Xy +Ys

IMpumep 23. Janvr 0éa xomnaekcuvix wucia 2, =2+31 u 7, =3-5i. Hatimu 7, +1,,
4

12l
2

Pemrenwue.

2, +12, =(2+3i)+(3-5i)=(2+3)+(3-5)=5-2i,
2,-2, =(2+3i)-(3-5i)=(2-3)+i(3+5)=-1+8i,

2,2, =(2+3i)-3-51)=(2-3+3-5) +i(2(-5)+3-3) =211,
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z, 2+3i
VYMHOXast YUCITUTEIb U 3HAMEHATEIb Ha CONPSHKCHHOE ICTUTENI0 KOMILICKCHOE YHCIIO0
3+ 51, moirygaem:

2z, (2+3i)-(3+5i) 2-3+3-3i+2-5i+3-51° 21+19i 21,19, o

z, (3-5i)-(3+5i) 9 25i? 34 34 34

Ipumep 24. Pewuums kaopamHoe ypasHeHue X2 —-2x+37=0.
Pemenue.

Hcnonp3ys, XOpouIo U3BECTHYI0 GOopMyTy HaXOXKIEHUSI KOPHEH KBaJpaTHOTO ypaBHeE-

HUS, TIOJIYYUM:
_2++4-148 2+-144 2+12i

X, , 1+6i.
’ 2 2 2
HpOBepI/ITL IMPpaBUJIBHOCTDb PCIICHUSA MOKHO C TIOMOIIbIO TCOPEMBI Buera:
X+ X, =2
X; + X, =37

JlenCcTBUTENBHO,
X, + X, = (1+6i)+(1-6i)=2

X, X, = (1+6i)-(1-6i)=1% - (6i)* =1+36 =37.1

Ecnmu pist reoMeTpudeckoro n300pakeHusl MeHCTBUTEIBHBIX YHCENT HCTOIb3YIOTCS
TOYKHU YUCJIOBOW MPSMOMU, TO JIJIS IPEACTABICHUS KOMIUICKCHBIX YHCEN CITYXKaT TOYKH KO-
opauHaTHOM TuTockocTu XOY .

IInockocTh Ha3bIBaeTCs KOMI’IJI@KCHOIZ, CCJIIM KaXIAOMY KOMIUICKCHOMY YHCIIY
Z=X+ |y CTaBHUTCA B COOTBCTCTBHEC TOYKA ITJIOCKOCTH Z(X, y), IMpU4eM 3TO COOTBCTCTBHUC

B3auMHO oxHo3HauHOe. Ocu OX m Oy, Ha KOTOPBIX PACIIOIOKEHBI ICHCTBUTEIBHbIC YK C-
ga Z=X+0i=X u yucrto MuHuMBIe unciaa Z=0+iy=1y, Ha3bIBaIOTCSI COOTBETCTBEHHO
oeticmeumenshot U Muumou ocsmu (puc. 4).

y

A
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C Kaxnoil TOYKOH Z(X,y) KOMIUIEKCHOM TJIOCKOCTH CBSI3aH PAAUyC-BEKTOP 3TOMU

touku Oz , JUJIMHA KOTOPOTO I' HAa3bIBACTCs MOJYJIEM KOMIUICKCHOTO YHMClia Z U 0003Haya-

CTCA ‘Z‘
r=lz=x*+y*.

Yron ¢, 0o6pa3oBaHHBIN pagnyc-BEKTOPOM Oz ¢ ocbro OX, Ha3BIBACTCS ApIyMCH-
TOM KOMIIJIEKCHOTO uucia Z u obo3Hadaercs Argz: ¢ = Argz.
O4eBHUIHO, YTO
X=r-coSe, Yy=r-sing.
CremoBaTelIbHO, KOMIUIEKCHOE YUCIIO Z = X + 1Y MOYXHO IPEJICTaBUTh KaK:
z=r-(cosg+ising).
JlanHOE MpecTaBIeHNne KOMIUIEKCHOTO Yncia, Tae I = \Z\ >0, @= Argz, Ha3bIBaeT-

Csl mpUeoHOMempuyeckou )opmoti KOMIZIEKCHOTO YHuCIa.

3AJAYM JJII CAMOCTOSITEJIBHOM PABOTBHI

Pewums keadpammnule ypasnenus

1. x> +1=0, 2. X2 +4=0, 3. x2+16=0 4. x2+20=0,
5. x> —4Xx+13=0, 6.%X°+2x+5=0, 7.x>-4x+8=0. 8. x?>+6x+25=0.

Hocmpoumb HA KOMNJIEKCHOU NJIOCKOCMU
T
9. |7|=3, 10. |2|=7, 11. argz =,

12. argz:%, 13. 2=2+i, 14. 7=4-3i

. Z
Hanvl komnaexcuvle yucaa 7, u Z,. Haimu: a) 7, +1,,0)z, -12,,¢)z,-7,,d) Z—l
2

15 z, =3+4i Z, =5+2i Z, =443 Z, =2+4i
C7,=2-3i Lz, =T+i] 1 2,=6-2i ‘2, =3+5i

Havumu ‘Z‘

19. z=—-/5+4i,

20. z=1-+/3 i,

2. z=2,-12,,r0e 2,=3+4i, 2,=9-5i
22. 1=12,-7,,tne 2, =6+2i, 7, =5+3i
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Havumu ¢ = Argz

23. z=1++/3"i
24. z=2+2i

25. 7=1—+/3-i
Pewums ypasuenue

26. x*-1=0
27. x*-16=0
28. x*+2x2-8=0
29. x*+5x2-36=0
30. x*+5x%>+4=0
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YACTD 2. DJIEMEHTBI AHAJIUTUYECKOHN
I'EOMETPHUMN.

2.1. Ilpsimas B npocTpancTe R

Bcesikas mpsimast B R® ompesenseTcsl ypaBHEHHEM TEPBON CTENEHH OTHOCHTEIHHO
NEPEMEHHBIX X U Y U, 00paTHO, KaXJ0e JIMHEHHOE YpaBHEHHE

Ax+By+C=0 (2.1)

BBIPAXKAECT MPAMYIO JIMHUIO. Y PABHECHHE (2.1) Ha3bIBAECTCSI OOLIMM YpaBHEHHUEM MPSIMOIA.
JIrobast HeBepTUKaJIbHAs NpsMasl OMMCHIBAETCS TAK)XKE YpaBHEHUEM

y=kx+b,

rne K =tga - yrmoBoit ko3 dunmeHT npsiMoit, a b- oTpe3ok, oTcekaeMslii psIMOit Ha OCH
opauHaT (puc. 5)

A

X

Puc. 5

COBOKYITHOCTB TIPSIMBIX, MPOXOSIINX Yepe3 TaHHYIO Touky M O(Xo; yo) Ha3bIBACT-
s yYKOM MPAMBIX (puc.6).

A

y

IIy40K IpsAIMBIX UMEET ypaBHEHUE

Y = Yo =K(X=Xp) (2.2)

Kaxnas npsimas mydyka o6s1ajaeT CBOMM YTIIOBBIM KO3 duiineHToM. B wactHOCTH,
JUIsl TOPA3OHTAIBHOM NIpsIMOM k =0; MOITOMY €€ ypaBHEeHHe: Yy =Y,. [Iydok He comepKut

BEPTUKAJILHOM MPSIMOi, ypaBHEHUE KOTOPOil X = X, (puc.7).
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. X
0 Xo Puc.7

VYron 6 mexny npsmbiMu Y =K X +b, u Yy =K,X+b, onpenensercs coorHomennem
ko — ki

tg6 = :
J 1+kk,

1
ecmu 1+ kK, # 0. PaBenctBo 1+ kk, =0, T.e. k, = T SIBJISIETCS YCJIOBUEM IEPIEHIUKY-
1

HHPHOCTI/I ABYX HpSIMBIX. yCJIOBI/IC HapaHHeHBHOCTI/I ABYX HpHMBIXI
k =k, .

2.1.1. HaxoxneHue yrjioBoro ko3¢ ¢uiueHTa mno JByM To04Kam

Ecii u3BecTHBI B¢ TOUKH Ha pamoit M (X;Y;) 1 M,(X,;Y,), To yriosoit ko3d-
buLMeHT k 3TOM NpPsSIMOI BEIYUCIISIETCS 110 Cleayrolieit hopmyie:

Yo— W%
k=22_2L
pi (2.3)

2.1.2. KoopanHaThl cepelMHbI 0TPe3Ka

IlycTh M3BECTHBI KOOPAMHATHI KOHIIOB OTPE3Ka: A(Xl; yl), B(XZ; Y2)- Torma Touka
O - cepenuna orpe3ka AB HaxomauTcs CIEAYIOUIUM 00pa3oM:

O(X1+X2.y1+y2j.
2 2

Ipumep 25. Haiimu ypaenenue npsamoti, npoxoosiweu yepez mouxu A(35) u B(-17).
Pemenue. 3anuieM ypaBHEHUE TTydKa MPSMBIX, MPOXOAAIINX Yepe3 TOUKY A, BOCITONb-
30BaBIIKCH (hopMmyJon (2.2):

y—5=k(x—3).

Ocraetcst HalTH yriI0Bo# KoahduieHt npssmoir AB, npumensis popmyiy (2.3):
_Ye=Ya_r-5_2 _ 1

K. = -
B xg—x, -1-3 —4 2




46
Takum 006pa3om, ypaBHEHUE IPSIMO AB BBITJISIAUT TaK:

1
—5=—=(x-3
y-5=->(x-9

WJIH, TIOCJIE YIIPOILICHUH,
y = —% X + 13 ||

Ipumep 26. (Obpasey svinonnenus 3a0aqu 5 U3 KOHMPOJIbHOU pabomul).
Hanwt sepuunvt mpeyeorvnuxka A(LL), B(—3,5), C(3;7). Haiumu

a) ypasuenue cmoponvl AB;

b) ypaenenue svicomvr AH ;

C) ypasuenue meduanvt BM ;

d) mouxy nepeceuenus evicomor AH u meouansr BM .

Pemenue. a) YpaBHeHuUe ydKa NPSAMbIX, IPOXOIAIINX Yepe3 TOUKY A
y—-1=k(x-1).
Haxoaum yrinosoit koa¢dunnent npsamoit AB 1o 1ByM 3a/laHHBIM TOUYKaM

Ye—Ya_o-1 _ 4
Xg =X, —3-1 -4

kAB = =-

(AB): y-1=-1(x-1)=>y=—x+2.
b) Mcnonb3yem ypaBHEHHUE MTydKa TOTO XK€, YTO U B IIYHKTE a):
y—1=k(x-1).

Jlst Hax ok ieHust yTiIoBoro kKoadduimenTa BoicoTel AH BOCTIONB3yeMCsl YCIOBHEM
HEePIEHANKYIIIPHOCTH NMPAMBIX (puc. 8):

B

1
Kn =—7— H

Kec
K _Ye—Yg _7-5_1
BC = = =

Xe —Xg 3+3 3 A T I C

3HauMT, K,y =—3, 1 Torma M

(AH): y-1=-3(x-1) = y=-3x+4

C) Jns naxoxaenus meauansl BM ucnosib3yem ypaBHEHUE ITydKa IPSIMBIX, TPOXOSLINX
yepes TOUKy B:

y—5=Kk(x+3)
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Haiinem Touky M . T.k. M - cepenuna orpeska AC, To M (%%), T.e. M(2;4). To-
rua
Ym —¥g _4-5_ 1

Kgy = = =-z,
M Xy —-Xs 2+3 5

1 1 22
BM): —5=—"(X4+3) > yYy=—-X+—.
(BM): 'y c (x+3) =y eXte
d) /Iyt Toro, 4TOOBI HAHTH TOUKY mepeceucHus npsiMbix AH u BM (Ha3o0BeM 3Ty TOUKY

0), clielyeT peluIuTh CUCTEMY:

=-3x+4
y=-3x+ 1 22 14 2 2 1
y=—SX+— 5" 5 5° 5 14 7
5 5
1 3 31
=-3(-2)+4==-+4=—.
y (7) 7 7

Takum 00pazom, O(— %371j .

Ipumep 27 (Obpazey vinonnenus 3a0auu 6 u3z KOHmMpPoabHoU pabomot). [locmpoums
MHO20V20IbHUK U 8bIYUCTUMb 3HAYEHUE QYHKYUU 7 8 €20 BePUIUHAX!

(x=0

=0

z i Z=2Xx+3y.
=X+

y =-2X+27

Pemenwne. [Toctpoum nannsie B ycinoBun npsimeie (puc.9): X =0 — ypaBuenue ocu Oy

y =0 — ypaBuenue ocu OX; y=X+4.

Puc. 9
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Jl71s TOTO, YTOOBI TOCTPOUTH MPSIMYIO, JOCTATOYHO B3STh IBE TOUKH: X =0 =y =4,
y=0=x=-4, te. npamas Yy=X+4 npoxomut yepe3 Touku (0;4) u (-4;0). [Ipsamas
7
y =—2X+ 7 npoxoaut uepe3 Touku (0;7) u (E :0).
Wrak, mbl nmonyunnu MHoroyronbHUK OABC. Koopaunatel BepmnH O, A,C Mbl
3HaeM, a KOOpPJAMHATHI BEpIIMHBI B HaiineM, pelias cucremy

y=x+4
I X+4=-2X+7=>Xx=1=y=5.

y=-2X+7
T.¢. B(1;5).

Boruncnum 3HaueHus GyHKIUU Z =2X+3Y B MOJNYyYEHHBIX BEPIIMHAX MHOTO-

YI'OJIbHUKA:
Z =2.0+3-0=0; Z =2-0+3-4=12;
0(0:0) A(0;4)
7
z =2-1+3-5=17; Zl 7 =2-—+3-0=7.1
B(L,5) C(E;O) 2

2.2 Mpsimast B npocTpancTBe R°

IycTh 3a/aHbl BEKTOp b = (b,,b,,b;) urTouka My (X,; Yo;2Zo) (puc. 10)

Bz(bl’b%b?) >

y
Puc. 10
X

[Tapamerpudeckne ypaBHEHHS IPsMOU, Tpoxoasmnielt uepes Touky M (Xq; Yo:Zg)B

HAIIPABJICHUH BeKTopa b = (b,,b,,b;) umeror BUA:

X=Dbt+Xx,
y=Dbt+y, (2.4)
z=ht+2z,

3nech X,Y,Z - KoopauHaThl TeKyuied Toukn M mnpsmoit, a t - mapameTp, NpUHU-
MAOIIHAM BCE 3HAYEHUS OT -o0 10 +00. [Ipu 3TOM CcymecTByeT B3aMMHO OJHO3HAYHOE CO-

OTBETCTBHE MKy 3HAUeHUsAMHU { W Toukamu mpsmoii. Bektop b HaswiBatoT nanpasisio-
wum (unu 6a3ucHvIM) BEKTOPOM MIPSIMOM.
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WHorna ucnonb3yroT TaKKe KaHOHUYecKue ypaBHEHUS MPSIMOM:

X=X _ Y=Y _27%
by b, b,

IIpumep 28. (Obpasey svinonnenus 3adaqu 7(a) uz koumpoavrou pabomst). Cocmagumo
KAHOHUYecKue U napamempuieckue YpasHeHus npsamot, npoxooswell yepes 08¢ OaHHble

mouku A(2,—4;5) u B(41-2).

Pemenue. B kauecTBe HampapIIsiomero BO3bMEM BEKTOP b= AB = (2;5-7) (puc. 11),

B
A

Puc. 11

a B KauecTBe (PUKCHUPOBAHHOM TOYKM — TOUYKY A U 3alUILIEM UCKOMBIE MapaMeTPUIECKUe
YPaBHEHHUS

X=2t+2
y=5-4, —oo<t<+o
Z=—1t+5

Kanonuueckue ypaBHEHUS JaHHOM MPAMON OyIyT UMETh BUJI:

X—2 y+4 z-5

.a
2 5 -7
Ipumep 29. Ilpu kakux o u fB npamvie
X=3t+2 X=-9t+5
y=-2t-1 u y=at+7
z=-t+1 Z=pLt+9

napannenvuvl? Cocmagums YpasHeHue Npsmol, NapailesibHOU OAHHLIM U NpoXoosaueli
yepes mouxy P(4;-4;3).

Pemenwue. [IpssMbie mapauienbHBI TOTIA ¥ TOJIBKO TOTJIA, KOT/Ia HX HAIPABIISIONINE BEKTO-
pol b1 =(3;-2;-1) u b2 =(-9;; ) xomnuHEapHBI, T.€. KX COOTBETCTBYIOIINE KOOPIMHA-
TBI IPOITOPIIMOHAIILHBI
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oTkyna « =06, =3. Ilpsimasd, napamieinbHass JaHHBIM W MPOXOJALIAsS YEpe3 TOUKY
P(4;—4;3) , umeeT TOT e Hanpapistomuil Bekrop (3;-2;-1); ee mapaMeTpuyecKie ypaBHe-
HUS TAaKOBBI

X=3t+4
y=-2t-4, —o<t<+o. H
z=-t+3

2.3 I1l1ockoCTDL

BekxTopoM HOpMaiH K INIOCKOCTH Ha3bIBAETCA BEKTOP, MEPIECHANKYIISIPHBIA K 3TON
IJIOCKOCTH. YPaBHEHUE IUIOCKOCTH o Touke M (X,;Y,:Z,) U 3aAaHHOMY BEKTOPY HOp-

mam N = (A; B;C) (puc. 12)

IN

S,
*My (Xo3 Yoi 7o)

A(X—X,)+B(y—y,)+C(z—12,)=0 (2.5)

Puc. 12

HUMECCT BU:

DTO JTUHEWHOE ypaBHEHUE OTHOCHUTENIHLHO MEPEeMEHHBIX X,Y,Z. BepHo u oOpatHOE:
BCSIKO€ JINHEWHOE YPaBHECHUE

Ax+By+Cz+D=0 (2.6)

BBIPAKAET TIOCKOCTh, pHUeM KOA((DUIIMEHTH IPU NEPEMEHHBIX SBJISIOTCS KOOpAUHATA-

MU BekTopa HopManu N 3Toil miockoctu. JlaHHOE ypaBHEHUE Ha3bIBACTCSA 00wWuUM ypas-
HeHueM TIIIOCKOCTH.

Mpumep 30. (Obpasey svinornenus 3aoauu 7(0) uz xommponvuou pabomoer). Hatimu
ypasHenue niockocmu, npoxoosuyeil yepes mouku A(3;2;1), B(-2;5;2) u C(4;0;1).

Pemenue. U3 Toukn A BeimyctuM aBa Bektopa AB u AC. Torga B xadecTBE HOpMaU

MICKOMO} TIOCKOCTH MOKHO B3ATh BEKTOPHOE IPOM3BEJIEHHE BEKTOpoB AB u AC (puc.
13), 4

Vi
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T.K. N nepnenaukynspen Bektopy AB, Bektopy AC, a 3HaYUT U IJIOCKOCTH, B KOTOPOU
OHH JIeXkaT.

AB =(-531), AC = (L-2.0).

i j ok
N=ABxAC=|-5 3 1/=2i+j+7k=(217).
1 -2 0

3anuiieM ypaBHEHHE HCKOMOM IIJIOCKOCTH [0 BEKTOPY HOpMaJH N = (2,1,7) u, mHanmpumep,
touke A(3;2;1):

2-(x=3)+1-(y-2)+7(z-1) =0.
OKOH‘J&TGHBHO, ITOCJIC ynpomeHHﬁ, HMCEM.
2X+Yy+7z2-15=0.

[TomydeHHBIH pe3yNbTaT CIACAYET MOBTOPHTD, MOJCTABIAA B YPaBHCHHE KOOPJIHHATHI TO-
yek ABuC:

A2 2-3+2+7-1-15=0=0=0 BepHO
B(-252): 2-(-2)+5+7-2-15=0=0=0 BepHO
C(4,0:)): 2-4+0+7-1-15=0=0=0 BepHuo. N

Ipumep 31. (Obpasey vinornenus 3adauu 7(C) uz xkonmpoavhou pabomst). Hatimu na-
pamempuueckue ypasHeHus npsmotl, npoxooswet yepez mouxy A(3;2;1) nepnenouxynsp-

HO njockocmu
2X+y+72-15=0.

Pemenne. T.k. uckomas npsmasi NEpHNeHAUKYISIPHA K IUIOCKOCTH, TO €€ HaIpPaBIISIOLINN
BEKTOp b COBMAJET ¢ BEKTOPOM HOpMaiu miiockocTi N (puc. 14):
A [ ]

b=N
/ ¢ / Puc.14

b=N=(217).

OcTasock JUIIb 3aucaTh HCKOMbIC YPaBHEHUS MPSMOU, HCITOIB3Ys hopmysl (2.4):
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X=2t+3
y=t+2 , —o<t<+oo.l
z="T7t+1

AHaJu3 0011ero ypaBHeHus MJIOCKOCTH M MOCTPOeHHe MJI0CKOCTel
PaccmoTpumM oO1iee ypaBHEHHE TIIIOCKOCTH:

Ax+By+Cz+D =0.

PaBeHcTBO HyNIO OTHEIBHBIX KOA(D(UIIMEHTOB B O0IIEM ypaBHEHUH BHOCUT OCOOCHHOCTH
B PaCIOJIOKEHHUE TIOCKOCTH:

D =0 o3Hauaer, 4TO IJIOCKOCTh MPOXOAUT Yepe3 Havano KOOPAWHAT;
A =0 cBUIETENBCTBYET O TOM, YTO IUIOCKOCTh MapauieabHa ocu OX;
B=0 - mapamrensna ocu Oy

C =0 - napamtensHa ocu Oz,

A=0,D =0 - mrockocTh mpoxoauT uepe3 och OX;

B =0,D =0 - mnockocth nmpoxoaut uepes och OY;

C =0,D =0 - mnockoctb npoxoaut uepes ocb Oz,

A=0,B =0 - mrockocTs mapamienpHa iockoctu XOY ;

A=0,C =0 - mockocTs mapamienabHa iockoctu XOZ ;

B =0,C =0 - mrockocth mapayuiensHa miockoctu yOz.

Ipumep 32. (Obpaszey svinonrnenus 3adauu 8§ uz KOHmMpoabHOU pabomwl). [locmpoums
nI0CKOCMU

a) 2x+3y+4z-12=0;

b) x+2y-8=0;

c) z—3=0.

Pemenue. a) B a3Tom ypaBHeHHHM HU OJMH U3 KO3(P(OUUMEHTOB HE paBeH Hy0. OTMETUM
TPH TOYKH, JICKAIIHME B TaHHOU TUIOCKOCTH (prc. 15):

ecmt X=0u y=0,10 2=3, 1.e. M;(0;0;3);
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ecmt X=0u z=0,10 Y=4,T.. M,(0;4,0);

ecit Yy=0u z=0,T10 X=6, T.e. M;(6;0;0).
Teneps yepes 3TH TOYKH MPOBOIUM IIJIOCKOCTb.

b) T.k. B ypaBHEeHHH TUIOCKOCTH C =0, TO JIaHHAsI TUIOCKOCTh MapajuieibHa ocu Oz. Ompe-
JIJIUM JIB€ TOYKH, JIKAIME B JAHHOM IJIOCKOCTH:

M,(8;0;,0), M,(0;4;0).

Yepes 3TH TOYKH MPOBOaUM Mpsimyro MM, , a yepe3 Hee — IMIOCKOCTh MapaJljIeIbHO OCH
Oz (puc.16).

Puc. 16

Cc) B atom ypaBHenun A=0 u B =0. 3Hauur, gaHHas MIOCKOCTH MapajiesibHa MI0CKO-
cti XOy. OTMeTUM TOUKY, JISKAIILYIO B TAHHOH TIOCKOCTH:
M, (0;0;3) .

IIpoBoanM Yepes Hee IIIOCKOCTh NapauieNibHo miockoctu XOY (puc.17). B
z

M,

X Puc. 17
2.4. B3aumHoe pacnoJio:keHue npsiMoii U MI0CKOCTH

Touka nepeceueHus: NpsIMoOn

X=bt+X,
y=bt+y,
z=Dht+z,

H IIJIIOCKOCTHU
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Ax+By+Cz+D=0

HaxXoAnuTCA pCIICHUCM CHUCTCMBbI ypaBHeHHﬁI

X=bt+ X,

y=byt+Yy,

Z=Dbt+ 2z,
(Ax+By+Cz+D=0

371ech BO3MOXKHBI TPH CITydas:
1) Ab, +Bb, +Ch; #0. Torma cymecTByeT €IWHCTBEHHAsi TOYKA IIEPECCUCHHS

HpHMOﬁ H IINTTOCKOCTH.

- Ipgamad napajajicjibHa IJIOCKOCTH.

Ab, +Bb, +Cb; =0
AX,+By, +Cz, + D #0

- IIpsAMasd JICKUT B IIJIOCKOCTH.

Ab, + Bb, +Cb; =0
Ax,+By, +Cz, + D=0

Ipumep 33. (Obpasey svinonnenus 3adaqu 7(d) uz konmpoavroii pabomot).

X=3t-4
Haiimu mouxy nepecewenus npamoii 3y =—-t+1 ¢ niockocmoro 5X -3y —4z—-5=0.
z7=2t-2

Pemenue. Pemaem cucremy ypaBHeHUM

((x=3t—4
y=-t+1
72=2t-2

5x-3y—-4z-5=0.

[ToncraBisast napaMeTpUYECKHE YPAaBHEHUS MIPSAMOU B YPABHEHUE TIJIOCKOCTH, ITOITYYUM
53t-4)-3(-t+1)-4(2t—-2)-5=0,

oTkyna t = 2. D10 3HaueHue napameTpa, COOTBETCTBYIOIIEE TOUKE MepeCceUeHUs PSIMON U
miockocTd. UTOOBI HAWTH KOOPAMHATHI 3TOM TOYKH TEepecedeHws, cieayer t =2 mocrta-
BUTH B IAPAMETPUUECKHUE YPABHEHUS MIPSIMOM:

X=3-2-4
y=-2+1 =x=2y=-1z=21
1=2-2-2



55

3AJIAYM JJIS1 CAMOCTOSITEJBHOM PABOTHI

1) Onpeoenums mouku nepeceuenus npsamou 2X—3y —12 =0 ¢ koopounammuvimu

ocAMU.
2) Cocmasumb ypasrenue npsamou, npoxoosiuell uepe3 08e MmoyKu:

a) A3) , B(-L7);

b) A(41) . B(0:6);

¢) AG2) , B(-22);

d) A(3;,0), B(35).
3) Janvr sepuwunvr mpeyeonvnuxa: A(2;0), B(-L4),C(51). Haumu ypasnenus ecex
CMOPOH.
4) Hanucamo ypaenenus npsamulx, npoxoosuux yepesz mouxy A(5—2):

a) napannenvro npamou 3X—4y+1=0;
b) nepnenouxynsiprno npsmoii 2x -3y +4=0;
C) napanneibHo ocu opoOuHam,
d) nepnenouxynspno ocu Oy.
5) Hatimu mouku nepeceyeHus u yenvl Medxicy npsamblMu.
a) 2x—-5y—-1=0 u 4x+3y+2=0;
b) 2x—-3y+5=0 u 3x+2y-7=0.
6) Yepesz mouxy nepeceuenus npamoix Y =5X—-1 u 2X+3y—4=0 nposecmu nps-
myro, napaiieivhyto npsamou 5X—Yy =0.
7) Uepes mouky nepeceuenus npamoix 2X—4y+1=0 u Xx+2y—-3=0 nposecmu

npsAMYI0, REPReHOuUKyIapHyio k ocu OX.

8) Cocmasumbo ypasnenue npsamulx, npoxoosiuux yepes mouxy M (2;3) noo yerom 45°
K npamou 5X+2y—-4=0.

9) Hawnwr konyvr ompeska AB: A(=12),B(7;0). Haumu ypaenenue cepedunnozo nep-
NEeHOUKyaapa.

10) Hanwr sepuunvt mpeyeorvnuxa: A(2;3), B(4;-1), C(0;2). Haiimu ypasnenue cpeo-
Hell uHuu, napainenvrou cmopone BC .

11) Jlanvr gepuunsvt mpeyeonvuuxa: A(0;1), B(=3;2), C(5;5). Haimu ypasnenue meou-
anvl AM u gvicomvr CH .

12)lanwr eepuwunvr mpeyeonvnuka: A(—21), B(4;3), C(0;7). Hatimu mouxy nepeceue-
HUsL MeOUaH.

13) Jlanvl eepuunsvt mpeyeonvuuxa: A(3;3), B(=14), C(5;2). Haiimu mouxy nepeceue-
HUSL BbLCOM.

14) Jlanvl ypasnenus 08yx cmopon npsamoyzoavHuka 2X—3Y+5=0, 3x+2y—-7=0
u o0Ha uz ezco sepuun A(2,—3). Cocmasums ypaeHenuss 08yX Opyeux cmopoH Npsimo-

YeONbHUKA.
15) Havumu npoexyuio mouku A(2;3) na npsamyio, npoxooswyio uepez mouxku B(L5) u
C(-3;-1).
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16) Hatimu mouxy B, cummempuunyro mouxe A(=14), omuocumenvho npsmoi
2x—-3y+1=0.
17) Hauimu paccmosnue mexcoy napanieivHoimu npamvimu Y =3X+1 u y=3Xx-5
18) 3nas xoopounamer 08yx eepuwun pomba A(0;4) u B(2;3) u ypasnenue CD:
X+ 2y —3=0, naiimu Koopounamvl OCMAILHLIX BEPUILUH.

19) Cocmasums KaHoHuueckue u napamempuieckue YpasHeHus NPAMOou, npoxoosujet
yepes 06e MOUKU.

a) AL23), B(0;4,-1)
b) A(3,0;2) , B(3,51)
20) Cocmasums ypasnenue npsamoil, npoxoosiyetl yepez mouxy A(2,—4;1) napannenvho

NPSAMOU:
X=4t-1
y=-3t
z=5+4
21) Buiacnumo 83aumnoe pacnonodicenue npamoix
X=3t+1 X=2t-1
y=5bt—-2 u <y=-t+4.
z=t+2 z=17Tt

22) Cocmasumv ypasnenue niockocmu, npoxoosiyei yepez mouxky A(5—2;1) nepnen-
OUKVIAPHO K NPAMOU

X=-t+1
y=5t+3 .
z=-4t+5

23) Hatimu ypaeuenue niockocmu no mpem u38eCmuuiM mouKam.
a) A(L0;3), B(4,-12),C(-124),
b) A(3-12), B(50;2),C(4,32).
24) Cocmasumo ypasnenue niockocmu, npoxoosieti yepesz mouxy A(—=215) u nps-

x=3t-1
Myro {y =5t
z=4
25) Cocmasumu ypagHernue niocKkocmu, npoxoosauell uepes3 08e napaiiesibHvle NPsmble
X=2t+1 X=2t-3
y=4t-3 u y =4t
z=-1+1 Z=-t+5
26) Buiacuumo, a81110mcs iU npsmble
X=-2t+1 X =3t

y=3t-1 u <y=-t-1
z=t+3 72=2t+2
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nepecekanwuMucs u eciu 0a, mo Haumu ypasHeHue NI0CKOCHU, NpoxXoosaueli uepes
oMU npsAMvle.
27) llocmpoums naiockocmu.
a) 4x+3y+2z-12=0;
b) 2x+5z-10=0;

c) 4y—z+8=0;
d) 5x—-3y=0;
e) z—-5=0.
Xx=3t-1
28) Haiumu mouky nepeceueHus NpsMou y=4 c NA0CKOCMbIO
Z=t+2
S5x—-y+2z-1=0.
X=1+2

30) Havumu npoexyuio mouku A(3;—1,8) na npsmyro 1y =—-t+5.
z2=3t+7

31) Haumu mouxy, cummempuunyio mouxe A(3L2) ommnocumenvuo nnockocmu
5Xx—-2y+z-15=0
32) Hatimu mouxy, cummempuunyto mouxe A(2;—-1,4) omnocumenvro npsamoti

X=2t-1

y=t+2 .

z=3t-4
33) Hatimu napamempuyecxue ypasHeHUus NPsmoll

2X—-3y+4z+7=0
{3x+2y—52—9:0 '

34) Haiimu paccmosnue medxcoy napainenvHoimu niockocmamu: 2X—Y+4z2—-7=0 u
2X—y+4z-11=0
35) Haiimu paccmosinue mesxicoy napaiieibHblMu NPIMbIMU.

Xx=2t-1 X=2t+3
y=t+3 u <y=t-1.
z=t-2 z=t

36) Jloxazamv, umo aunusi nepecevenus niockocmei 5SX—3Yy+22-5=0 u
2X—Y —2—1=0 nexcum 6 nrockocmu 4x—-3y+7z2—-7=0.
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2.5 KpusBble BTOPOro nopsiaika

KpI/IBBIe BTOPOI'0 IIOpsAAKa OIIMCBIBAIOTCA YPABHCHUSIMU BTOpOﬁ CTCIICHN C OBYM:A

HEU3BECTHBIMH.
Onnuncom HaszbiBaeTcs TuHUs (puc.18), KoTopas B HEKOTOPOW JAEKapTOBOW MPsIMO-

YTOJBHOU CHUCTEME KOOPANHAT ONPEIeNACTCS] KAHOHUYECKUM YPaBHECHUEM
2 2

Xy

-+ =

a’® b’
Touku mepecedenus: smmmunca ¢ ocsmu koopauHar (a;0), (—a;0), (0;b) u (0;-b)

1, mpu ycmoBuu a=b.

HAa3bIBAKOTCA 6epiUUHAMU DJLIUNCA.
Paccrosinue ot Hauana KOOpJWHAT A0 BCPIIUH A H bHaSBIBaIOTCH, COOTBCTCTBCHHO,

OO0LULOU U MANOU NOTYOCAMU DIUTUTICA.
doxycamu naspiBatores Touku F; (C;0) n F,(—c;0), rae ¢ =a® —b® u ¢>0.

C
OTHollIEHHNE & =— Ha3bIBaeTCA IKcyermpucumeniom JSJIUIICA, ITPUYCM UL SJLIUIICA
a

<l BCCriaa. Hauano KOOPpAWHAT HA3bIBACTCA YeHmpom JSJLIAIICA.

C »3IIMIICOM CBSI3aHBI ABC 3aMCYATCIIbHBIC IIPAMBIC, HA3bIBACMBIC €TO Oupekmpuca—

a a
mu. Ux YPaBHCHHUA UMCIOT BUJ: X =— H X =——,

& &
iz -2 1y a=2
& &

b
Hio) Aa X
Puc 18

YacTHBIM CIydaeM DJUIUIICA SBJISETCS OKPYKHOCTh. OHa 3a1aeTCsl ypaBHEHHEM
2 2 2
(X=X) +(Y—-VYo) =R",
rae (Xy,Yo) - KOOPAMHATHI LIEHTPA OKPYXKHOCTH, @ R - pagnyc OKPY>KHOCTH.

l'unep6onou HazbpiBaeTcs nuHUS (puc. 19), KoTopasi B HEKOTOPOH JEKapTOBOM Mpsi-

MOYTOJBLHON CUCTEME KOOPIMHAT OTNpEesieTCs] KAHOHUYECKUM YPaBHEHUEM
2 2

X
L A
a b
Ocpb abOcrucc mepecekaer runepboay B Toukax (a;0) u (—a;0), Ha3bIBaeMbIX Gep-
WUHamu TUNepOOIbL.

Ochb OpJMHAT HE MepeceKaeT TunepooIy.
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Uucna a ¥ b Ha3BIBAIOTCS, COOTBETCTBEHHO, 8eU/CCMBEHHOU U MHUMOU NOJLYOCIMU

bx X
runepOonsbl. [IpsiMble Y = — U Y = —— HaA3BIBAIOTCS ACUMIMOMAMU TUTIEPOOJIBL.
a a

FI/IHep6OHa COCTOUT U3 ABYX OTACIBbHBIX KYCKOB, HAa3bIBACMBIX €C 6€mesiMu. Haua-
JIO KOOpAHWHAT HA3BIBACTCA UEHNIPOM mnep6om>1.

Doxycamu THIepOONBl HazbiBaroTCA Touku F (C;0)n F,(-c;0), e ¢®> =a’ +b® n
c>0.

C
OTHOILIEHHE & = — Ha3bIBAETCS IKCYeHmpucumemom. Y TUnepooisl Bceraa & >1.
a

a a
Jupexmpucol THITIEPOOITBI OTIPEACISIIOTCS YPAaBHEHUSIMUA X = — U X = ——.
g g

JIMpEeKTPUCHI TUIIEPOOJIBI JIeXKAT OJIFIKE K IIEHTPY, YEM BEPIIMHBI U HE MEPECEKAIOT
runepooIy.

x=afe -7 y=bxla

@ fﬂ?ﬁ;ﬁ} >
y=-bxia
Puc. 1%

Ilapabonoii nazpiBaetrcst auHus (puc. 20), KOTOpas B HEKOTOPOU JEKapTOBOW Mps-
MOYTOJILHOM CUCTEME KOOPIMHAT OINPEEIAETCS] KAHOHUYECKUM YPaBHEHHEM

y* =2px,
IpH yCJIOBUH p > 0.

Ota mapaboja MPOXOAUT Yepe3 Havajao KOOPJAMHAT. DTa TOYKA HA3BIBACTCS Gepull-
HOU Tapa0oJIbI.
®okycom napaboisl HazsiBaeTcs Touka F(p/2;0).

Jupexmpucoti napabobl Ha3bIBACTCA MPsIMasi, 3a/1aBacMasi ypaBHEHHEM X = — %

[Tapabone npunuceiBaeTcs oxcyenmpucumem ¢ =1.

F

=T

0 F(%U;‘E;D}

Fuc. 20
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3AJIAYM JJI1 CAMOCTOSITEJBHOM PABOTHI

2 2

y

1) Kaxas kpusas onpedensiemcsi ypasHeHuem E+2—5:1? Onpeodenumn, uemy

PasHbl OONbUIAS U MEHBULASL €€ NOJIYOCU.

2 2
2) Onpeodenumo, kaxas kpusas 3aoana ypasuenuem 16X —9y*° =144 u yemy pas-
Hbl ee OONbULAS U MEHLUULASL NOJIYOCU.

3) Haiimu yenmp u paduyc okpyscnocmu  X° +y? =2y =0.
4) Haiimu gpoxyc u dupekmpucy napaborsr y°> = 24X.

5) Kpusas 3adana ypasmernuem X + 25y? = 225. Haiimu:
a) nonyocu, 6) Gpoxycwl, 8) dKCyeHmpucumen, 2) ypagHeHusi OUPEeKmpuc.

6) Hana eunepbona 9x* —4y? —36 = 0. Haiimu:
a) Koopounamul yeHmpa, 6) KOOpOUHAMbL BePULUH, 8) IKCYEHMPUCUMEN.

7) Onpeodenums nonyocu, KOOpOuHamvl YOKYCo8 U paccmosiHue mexncoy oxycamu
snnunca 3x? +4y? =12,

8) Haiimu ypashenus acumnmom u oupexmpuc cunepbonst X> —4y? =16.

9) Cocmasums ypasnenue snaunca, oKyCbl KOMOpPO2o Jedcam Ha ocu abcyuce,
CUMMEMPUYHO OMHOCUMENbHO HAYANA KOOPOUHAM, 3HAS, YMO:

a) e2o nonyocu pasnvl 5 u 2;

0) eco bonvuias nonyoco pasna 10, a paccmosinue medcoy hokycamu pasHo 8.

10) Cocmasumv ypasnenue 2unep6o.ivl, )OKycbl KOMOPOU PACHONONCEHbL HA OCU
abcyuce, CUMMEMPUYHO OMHOCUMENbHO HAYAIa KOOPOUHAM, 3HAS, KPOME MOo20, Ymo:

a) ee ocu pasuvl 10 u 8;
0) paccmosnue medxncoy goxycamu pasro 10 u 6oavwas oce pasua 8;

8) paccmosiHue medxncoy hoKycamu pagHo 6 u & = 5
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KOHTPOJIBHAS PABOTA Nel

3adaua 1. Pewumv cucmemy MUHEUHbIX YPABHEHUU 08YMs CNOCOOAMU. MemOoOoM
Kpamepa u mampuunvim memooom.

ax+2y+z=4
3x—ay+4z=b+1
-X+5y+z=a-b

3adaua 2. Ilposepumo cnpaseonusocmv pasencms A(AB) = A(BA) = A(A)-A(B), 20e

2 b 1 -a 3 0
A=-1 4 a|,B=4 1 2]
5 1 3 2 -10b

3aoaua 3. Jlanwi eexmopol: a= 1,3;a), b= (2;b;-1), C= (=3;a;b). Onpeoenumes,

o6paszyom u eekmopui a,0b,¢ 6aszuc 6 npocmpancmese R®. Eciu da, mo paznosxcumsy sex-

mop d = (5:0;4) no smomy 6azucy.

3a0aua 4. Janvr sepuunvi nupamuost ABCD: A(2;a—10), B(3Lb-4),
C(-15b—-a), D(a;2;3). Hatimu:

a) onuny pebpa BD;

b) yeon meancoy peopamu AB u AC;

C) nrowaow epanu BCD;

d) o6vem nupamuoei.

3a0aua 5. Janwr sepuunvt mpeyeoavnuxa ABC: A(a;l); B(a-15); C(2;b+6).
Haumu:

a) ypasuenue cmoponst AB;

b) ypasnenue svicomovr AH ;

C) ypasuenue meouanvt BM ;

d) mouxy nepeceuenus esicomor AH u meouanvt BM .

3aoaua 6. Hocmpoumb MHOCOY2OJIbHUK U 8bIYUCTIUMb 3HAYEHUA d)yHKl/ﬂlu Z 8 eco
eepuluHax.

X =0,
y =0,

= 3 b-2)y.
y=(a+1)x+2, 2=(@+3)x+( )Y
—(b+2)x+8.

3aoaua 7 . Janet mouxu: A(L0;a), B(3;bl), C(-2La+4), D(5;2;b—a). Haiimu:
a) KaHoHuueckue u napamempuyeckue ypasrenus npsimou AB;
b) ypasnenue nnockocmu o, npoxoosuwyeit uepez mouku AB u C;
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C) napamempuueckue ypasuenus npsmou |, npoxoosweil uepez mouxy D nepnen-
OUKYTISIPHO K NIOCKOCMU O |
d) mouky nepeceuenus npsimoii | u nrockocmu o .

3adaua 8. Ilocmpoumw niockocmu:
a) X+2y+(a+1)z-10=0;

b) (b+1)x+4y-12=0;

c) 3x—(b+2)z=0;

d) (a+2)y-15=0.

Hosicnenue Yucna a u b ewibupaiomes cmyoenmom no e2o 3auemHoul KHUdMCKe
(unu cmyoenueckomy ounemy):
a — amo nocneouss yugpa 6 “zauemxe”,
b — omo npeonocreonss yugpa 6 “3auemke’”.

Kenaem Bam ycnexos!
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MaTpuubl 4 onpeaeTuTe T n

ro _ _ B 8qp|
Onpeneanrennb 25 nopsaka: A(A) = = dq1dyy — dqpdo1.

dyy Ay
d dp a3
i+k
3 mopsmka: A(A)=|ay; 8y 8y3(=a53 A + A +a3Az, A = (1) My

dz; dzp Agz

All A21 T Anl
OO0paTHas MaTpHIA: Al= L . A.12 A.Z ? AT]Z
A(A) : P
An Aon 0 Ang
BexkTopsl

CxansipHoe npoussenenne; a-0 = a; ‘b +a,-b,+...+a,-b,, a- b = HQH : HEH -COSQ.

i j K

BexTopHOe nmpousBeaenne. d X b = a; a, as|
bl b2 b3
8 a; a3

Cmemannoe npoussenenue; abC = b, b, by

KoMmmiekcHble unciia

Ci10:eHne KOMILIEKCHBIX YHCeJI: ,tz, = (X1 X, )+ i(y1 Ty, )
YMHOXKeHHEe KOMIIEKCHBIX YHCeJI: L)1y, = (X1X2 -YiY, )+ i(le2 + X5 yl).
2 _ (% + 1Y)+ =% Y,)

I[e.ﬂe}me ]IByX KOMIIJIEKCHBIX YHucCeJI: —_— =
. 2 42
2 2 tYs

(z#0).

IIpsimble ¥ MII0CKOCTH

Ypasnenune npsimoii B R2: Y — Yo = K(X = X;), rae k =tga = Yo=Yy

X, — X,
X=Dbt+Xx,

IMapamMeTrpuyecKue ypaBHeHus npsimMoii B R3: <Y = bzt + Y-
z=bt+2,

Vpaguenue miockoern: A(X—X,)+B(y—-Y,)+C(z—-2,)=0.

Kpussie BToporo nopsiaka

2 2
X2 2

duaune. — + — =1, runepéoaa; — — - =1; napaboaa: y2 =2 pX.
a’? b2 a’? b?




